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The contextual bandit literature has traditionally focused on algorithms that address the exploration-
exploitation tradeoff. In particular, greedy algorithms that exploit current estimates without any exploration
may be sub-optimal in general. However, exploration-free greedy algorithms are desirable in practical settings
where exploration may be costly or unethical (e.g., clinical trials). Surprisingly, we find that a simple greedy
algorithm can be rate optimal (achieves asymptotically optimal regret) if there is sufficient randomness in
the observed contexts (covariates). We prove that this is always the case for a two-armed bandit under a
general class of context distributions that satisfy a condition we term covariate diversity. Furthermore, even
absent this condition, we show that a greedy algorithm can be rate optimal with positive probability. Thus,
standard bandit algorithms may unnecessarily explore. Motivated by these results, we introduce Greedy-
First, a new algorithm that uses only observed contexts and rewards to determine whether to follow a greedy
algorithm or to explore. We prove that this algorithm is rate optimal without any additional assumptions
on the context distribution or the number of arms. Extensive simulations demonstrate that Greedy-First
successfully reduces exploration and outperforms existing (exploration-based) contextual bandit algorithms

such as Thompson sampling or upper confidence bound (UCB).
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1. Introduction

Service providers across a variety of domains are increasingly interested in personalizing decisions
based on customer characteristics. For instance, a website may wish to tailor content based on
an Internet user’s web history (Li et al.|2010), or a medical decision-maker may wish to choose
treatments for patients based on their medical records (Kim et al.|2011)). In these examples, the costs
and benefits of each decision depend on the individual customer or patient, as well as their specific
context (web history or medical records respectively). Thus, in order to make optimal decisions,
the decision-maker must learn a model predicting individual-specific rewards for each decision

based on the individual’s observed contextual information. This problem is often formulated as
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a contextual bandit (Auer/|2002, Langford and Zhang 2007, [Li et al. 2010|), which generalizes the
classical multi-armed bandit problem (Thompson|/1933| Lai and Robbins|[1985).

In this setting, the decision-maker has access to K possible decisions (arms) with uncertain
rewards. Each arm i is associated with an unknown parameter 3; € R¢ that is predictive of its
individual-specific rewards. At each time ¢, the decision-maker observes an individual with an

associated context vector X; € R%. Upon choosing arm 14, she realizes a (linear) reward of
X/ Bi+eis, (1)

where ¢;; are idiosyncratic shocks. One can also consider nonlinear rewards given by generalized

linear models (e.g., logistic, probit, and Poisson regression); in this case, is replaced with

(X Bi) + e (2)

where p is a suitable inverse link function (Filippi et al. 2010, |[Li et al.|2017)). The decision-maker’s
goal is to maximize the cumulative reward over T different individuals by gradually learning the arm
parameters. Devising an optimal policy for this setting is often computationally intractable, and
thus, the literature has focused on effective heuristics that are asymptotically optimal, including
UCB (Dani et al.| 2008, |/Abbasi-Yadkori et al.|2011), Thompson sampling (Agrawal and Goyal
2013], [Russo and Van Roy|[2014), information-directed sampling (Russo and Van Roy [2018), and
algorithms inspired by e-greedy methods (Goldenshluger and Zeevi 2013, Bastani and Bayati2020)).
The key ingredient in designing these algorithms is addressing the exploration-exploitation trade-
off- On one hand, the decision-maker must explore or sample each decision for random individuals
to improve her estimate of the unknown arm parameters {3;}X ; this information can be used to
improve decisions for future individuals. Yet, on the other hand, the decision-maker also wishes to
exploit her current estimates {Bz K | to make the estimated best decision for the current individ-
ual in order to maximize cumulative reward. The decision-maker must therefore carefully balance
both exploration and exploitation to achieve good performance. In general, algorithms that fail to
explore sufficiently may fail to learn the true arm parameters, yielding poor performance.
However, exploration may be prohibitively costly or infeasible in a variety of practical envi-
ronments (Bird et al|[2016). In medical decision-making, choosing a treatment that is not the
estimated-best choice for a specific patient may be unethical; in marketing applications, testing
out an inappropriate ad on a potential customer may result in the costly, permanent loss of the
customer. Such concerns may deter decision-makers from deploying bandit algorithms in practice.
In this paper, we analyze the performance of exploration-free greedy algorithms. Surprisingly, we

find that a simple greedy algorithm can achieve the same state-of-the-art asymptotic performance
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guarantees as standard bandit algorithms if there is sufficient randomness in the observed contexts
(thereby creating natural exploration). In particular, we prove that the greedy algorithm is near-
optimal for a two-armed bandit when the context distribution satisfies a condition we term covariate
diversity; this property requires that the covariance matrix of the observed contexts conditioned
on any half space is positive definite. We show that covariate diversity is satisfied by a natural
class of continuous and discrete context distributions. Furthermore, even absent covariate diversity,
we show that a greedy approach provably converges to the optimal policy with some probability
that depends on the problem parameters. Our results hold for arm rewards given by both linear
and generalized linear models. Thus, exploration may not be necessary at all in a general class of
problem instances, and is only sometimes be necessary in other problem instances.

Unfortunately, one may not know a priori when a greedy algorithm will converge, since its
convergence depends on unknown problem parameters. For instance, the decision-maker may not
know if the context distribution satisfies covariate diversity; if covariate diversity is not satisfied,
the greedy algorithm may be undesirable since it may achieve linear regret some fraction of the time
(i.e., it fails to converge to the optimal policy with positive probability). To address this concern, we
present Greedy-First, a new algorithm that seeks to reduce exploration when possible by starting
with a greedy approach, and incorporating exploration only when it is confident that the greedy
algorithm is failing with high probability. In particular, we formulate a simple hypothesis test
using observed contexts and rewards to verify (with high probability) if the greedy arm parameter
estimates are converging at the asymptotically optimal rate. If not, our algorithm transitions to a
standard exploration-based contextual bandit algorithm.

Greedy-First satisfies the same asymptotic guarantees as standard contextual bandit algorithms
without our additional assumptions on covariate diversity or any restriction on the number of arms.
More importantly, Greedy-First does not perform any exploration (i.e., remains greedy) with high
probability if the covariate diversity condition is met. Furthermore, even when covariate diversity
is not met, Greedy-First provably reduces the expected amount of forced exploration compared to
standard bandit algorithms. This occurs because the vanilla greedy algorithm provably converges
to the optimal policy with some probability even for problem instances without covariate diversity;
however, it achieves linear regret on average since it may fail a positive fraction of the time.
Greedy-First leverages this observation by following a purely greedy algorithm until it detects that
this approach has failed. Thus, in any bandit problem, the Greedy-First policy explores less on
average than standard algorithms that always explore. Simulations confirm our theoretical results,
and demonstrate that Greedy-First outperforms existing contextual bandit algorithms even when

covariate diversity is not met.
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Finally, Greedy-First provides decision-makers with a natural interpretation for exploration. The
hypothesis test for adopting exploration only triggers when an arm has not received sufficiently
diverse samples; at this point, the decision-maker can choose to explore that arm by assigning
it random individuals, or to discard it based on current estimates and continue with a greedy
approach. In this way, Greedy-First reduces the opaque nature of experimentation, which we believe

can be valuable for aiding the adoption of bandit algorithms in practice.

1.1. Related Literature
We study sequential decision-making algorithms under the classic linear contextual bandit frame-

work, which has been extensively studied in the computer science, operations, and statistics liter-

ature (see Chapter 4 of Bubeck and Cesa-Bianchi| (2012) for an informative review). A key feature

of this setting is the presence of bandit feedback, i.e., the decision-maker only observes feedback for
her chosen decision and does not observe counterfactual feedback from other decisions she could
have made; this obstacle inspires the exploration-exploitation tradeoff in bandit problems.

The contextual bandit setting was first introduced by through the LinRel algorithm
and was subsequently improved through the OFUL algorithm by Dani et al.| (2008) and the LinUCB
algorithm by |Chu et al.| (2011). More recently, Abbasi- Yadkori et al.| (2011]) proved an upper bound

of O(d\/T) regret after T time periods when contexts are d-dimensional. While this literature often
allows for arbitrary (adversarial) context sequences, we consider the more restricted setting where
contexts are generated i.i.d. from some unknown distribution. This additional structure is well-

suited to certain applications (e.g., clinical trials on treatments for a non-infectious disease) and

allows for improved regret bounds in 7' (see |Goldenshluger and Zeevi 2013, who prove an upper

bound of O(d*logT) regret), and more importantly, allows us to delve into the performance of
exploration-free policies which have not been analyzed previously.

Recent work has applied contextual bandit techniques for personalization in a variety of appli-
cations such as healthcare (Bastani and Bayati| 2020, Tewari and Murphy|[2017, Mintz et al.[|2017,
Kallus and Zhou 2018, |Chick et al.[2018, |Zhou et al[2019), recommendation systems
2011}, Kallus and Udell 2016, |Agrawal et al.[2019, Bastani et al.[2018)), and dynamic pricing
let al|2016, [Qiang and Bayati[2016| [Javanmard and Nazerzadeh!|[2019, Ban and Keskin![2020|, Bas-|

ttani et al.|2019). However, this substantial literature requires exploration. Exploration-free greedy

policies are desirable in practical settings where exploration may be costly or unethical.
Greedy Algorithms. A related literature studies greedy (but not exploration-free) algorithms in
discounted Bayesian multi-armed bandit problems. The seminal paper by (1979) showed

that greedily applying an index policy is optimal for a classical multi-armed bandit in Bayesian

regret (with a known prior over the unknown parameters). Woodroofe| (1979)) and Sarkar (1991)
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extend this result to a Bayesian one armed bandit with a single i.i.d. covariate when the discount
factor approaches 1, and Wang et al. (2005ab) generalize this result with a single covariate and
two arms. Mersereau et al.| (2009)) further model known structure between arm rewards. However,
these policies are not exploration-free; in particular, the Gittins index of an arm is not simply
the arm parameter estimate, but includes an additional factor that implicitly captures the value
of exploration for under-sampled arms. Recent work has shown a sharp equivalence between the
UCB policy (which incorporates exploration) and the Gittins index policy as the discount factor
approaches one (Russo|[2019). In contrast, we consider a greedy policy with respect to unbiased
arm parameter estimates, i.e., without incorporating any exploration. It is surprising that such a
policy can be effective; in fact, we show that it is not rate optimal in general, but is rate optimal
for the linear contextual bandit if there is sufficient randomness in the context distribution.

It is also worth noting that, unlike the literature above, we consider undiscounted minimax
regret with unknown and deterministic arm parameters. (Gutin and Farias| (2016) show that the
Gittins analysis does not succeed in minimizing Bayesian regret over all sufficiently large horizons,
and propose “optimistic” Gittins indices (which incorporate additional exploration) to solve the
undiscounted Bayesian multi-armed bandit.

There are also technical parallels between our work and the analysis of greedy policies in the
dynamic pricing literature (Lattimore and Munos|2014} Broder and Rusmevichientong|2012)). When
there is no context, the greedy algorithm provably converges to a suboptimal price with nonzero
probability (den Boer and Zwart|[2013, Keskin and Zeevi 2014, 2018)). However, in the presence of
contexts, |Qiang and Bayati (2016) show that changes in the demand environment can induce nat-
ural exploration for an exploration-free greedy algorithm, thereby ensuring asymptotically optimal
performance. Our work significantly differs from this line of analysis since we need to learn multiple
reward functions (for each arm) simultaneously. Specifically, in dynamic pricing, the decision-maker
always receives feedback from the true demand function; in contrast, in the contextual bandit, we
only receive feedback from a decision if we choose it, thereby complicating the analysis. As a result,
the greedy policy is always rate optimal in the setting of |Qiang and Bayati (2016), but only rate
optimal in the presence of covariate diversity in our setting.

Covariate Diversity. The adaptive control theory literature has studied “persistent excitation”:
for linear models, if the sample path of the system satisfies this condition, then the minimum
eigenvalue of the covariance matrix grows at a suitable rate, implying that the parameter estimates
converge over time (Narendra and Annaswamy| /1987, Nguyen |2018]). Thus, if persistent excitation
holds for each arm, we will eventually recover the true arm rewards. However, the problem remains
to derive policies that ensure that such a condition holds for each (optimal) arm; classical bandit

algorithms achieve this goal with high probability by incorporating exploration for under-sampled
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arms. Importantly, a greedy policy that does not incorporate exploration may not satisfy this
condition, e.g., the greedy policy may “drop” an arm. The covariate diversity assumption ensures
that there is sufficient randomness in the observed contexts, thereby exogenously ensuring that
persistent excitation holds for each arm regardless of the sample path taken by the bandit algorithm.
Conservative Bandits. Our approach is also related to recent literature on designing conservative
bandit algorithms (Wu et al.|[2016, Kazerouni et al.|2017) that operate within a safety margin, i.e.,
the regret is constrained to stay below a certain threshold that is determined by a baseline policy.
This literature proposes algorithms that restrict the amount of exploration (similar to the present
work) in order to satisfy a safety constraint. Wu et al| (2016]) studies the classical multi-armed
bandit, and Kazerouni et al.| (2017)) generalizes these results to the contextual linear bandit.
Additional Related Work. Since the first draft of this paper appeared online, there have been two
follow-up papers that cite our work and provide additional theoretical and empirical validation for
our results. |Kannan et al.|(2018)) consider the case where an adversary selects the observed contexts,
but these contexts are then perturbed by white noise; they find that the greedy algorithm can be
rate optimal in this setting even for small perturbations. [Bietti et al.| (2018) perform an extensive
empirical study of contextual bandit algorithms on 524 datasets that are publicly available on the
OpenML platform. These datasets arise from a variety of applications including medicine, natural
language, and sensors. Bietti et al. (2018) find that the greedy algorithm outperforms a wide range
of bandit algorithms in cumulative regret on more that 400 datasets. This study provides strong

empirical validation of our theoretical findings.

1.2. Main Contributions and Organization of the Paper

We begin by studying conditions under which the greedy algorithm performs well. In we intro-
duce the covariate diversity condition (Assumption , and show that it holds for a general class of
continuous and discrete context distributions. In we show that when covariate diversity holds,
the greedy policy is asymptotically optimal for a two-armed contextual bandit with linear rewards
(Theorem ; this result is extended to rewards given by generalized linear models in Proposition
For problem instances with more than two arms or where covariate diversity does not hold, we
prove that the greedy algorithm is asymptotically optimal with some probability, and we provide
a lower bound on this probability (Theorem .

Building on these results, in §4 we introduce the Greedy-First algorithm that uses observed
contexts and rewards to determine whether the greedy algorithm is failing or not via a hypothesis
test. If the test detects that the greedy steps are not receiving sufficient exploration, the algorithm
switches to a standard exploration-based algorithm. We show that Greedy-First achieves rate opti-

mal regret bounds without our additional assumptions on covariate diversity or number of arms.
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More importantly, we prove that Greedy-First remains purely greedy (while achieving asymptoti-
cally optimal regret) for almost all problem instances for which a pure greedy algorithm is sufficient
(Theorem . Finally, for problem instances with more than two arms or where covariate diversity
does not hold, we prove that Greedy-First remains exploration-free and rate optimal with some
probability, and we provide a lower bound on this probability (Theorem . This result implies
that Greedy-First reduces exploration on average compared to standard bandit algorithms.
Finally, in we run simulations on synthetic and real datasets to verify our theoretical results.
We find that the greedy algorithm outperforms standard bandit algorithms when covariate diver-
sity holds, but can perform poorly when this assumption does not hold. However, Greedy-First
outperforms standard bandit algorithms even in the absence of covariate diversity, while remaining
competitive with the greedy algorithm in the presence of covariate diversity. Thus, Greedy-First

provides a desirable compromise between avoiding exploration and learning the true policy.

2. Problem Formulation

We consider a K-armed contextual bandit for 1" time steps, where 1" is unknown. Each arm 7 is
associated with an unknown parameter j3; € R?. For any integer n, let [n] denote the set {1,...,n}.
At each time ¢, we observe a new individual with context vector X; € R?. We assume that {X;};>o
is a sequence of i.i.d. samples from some unknown distribution that admits probability density
px (x) with respect to the Lebesgue measure. If we pull arm ¢ € [K], we observe a stochastic linear

reward (in we discuss how our results can be extended to generalized linear models)
Y= Xt—rﬁz + €,

where ¢, ; are independent o-subgaussian random variables (see Definition |1| below).
DEFINITION 1. A random variable Z is o-subgaussian if for all 7> 0 we have E[e”?] < e 2,
We seek to construct a sequential decision-making policy 7 that learns the arm parameters {3;}X,
over time in order to maximize expected reward for each individual.
We measure the performance of 7 by its cumulative expected regret, which is the standard metric
in the analysis of bandit algorithms (Lai and Robbins (1985, |Auer [2002). In particular, we com-
pare ourselves to an oracle policy 7%, which knows the arm parameters {§;}%, in advance. Upon

observing context X, the oracle will always choose the best expected arm 7} = max;e(x) (X, 3;)-

Thus, if we choose an arm i € [K| at time ¢, we incur instantaneous expected regret
re = BExepy [max(X)5;) — X[ B
JE[K]

which is simply the expected difference in reward between the oracle’s choice and our choice. We
seek to minimize the cumulative expected regret Ry := Z; ry. In other words, we seek to mimic

the oracle’s performance by gradually learning the arm parameters.
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Additional Notation: Let B}, be the closed £, ball of radius R around the origin in R? defined as
Bf={z eR":||z]] < R}, and let the volume of a set S C R? be vol(S) = [, dx.

2.1. Assumptions
We now describe the assumptions required for our regret analysis. Some assumptions will be relaxed
in later sections of the paper as noted below.

Our first assumption is that the contexts as well as the arm parameters {3;}X, are bounded.
This ensures that the maximum regret at any time step ¢ is bounded. This is a standard assumption

made in the bandit literature (see e.g., Dani et al.|2008]).

AssuMPTION 1 (Parameter Set). There exists a positive constant Tya, such that the context
probability density px has no support outside the ball of radius Tyayx, i-€., || X¢llo < Tmax for all t.
There also exists a constant by,.y such that ||5;||2 < bmax for all i € [K].

Second, we make an assumption on the margin condition (defined below) satisfied by the context
probability density px (Tsybakov et al.|2004]).
DEFINITION 2 (a-MARGIN CONDITION). For o > 0, we say that the context probability density

px satisfies the a-margin condition, if there exists a constant C' > 0 such that for each x > 0:
Viti Px|0<|XT(8i-8) <r|<Cxe.

Note that any context probability density px satisfies the margin condition for o« =0 by taking
C = 1; higher values of o impose stronger assumptions on pyx. As shown by |Goldenshluger and
Zeevi (2009), the convergence rate of bandit algorithms depends on «;, i.e., when av =1, they prove
matching upper and lower bounds of O(logT) regret, but when o =0, the regret can be as high
as O(V/T). This is because a = 1 rules out unusual context distributions that become unbounded
near the decision boundary (which has zero measure), thereby making learning difficult.

Our second assumption is that px satisfies a = 1. We impose this assumption for simplicity of
the proofs; however, all our results carry through straightforwardly for general values of a. To

illustrate, we prove convergence of the greedy algorithm for any « (see Corollary [I{ to Theorem .

AssuMPTION 2 (Margin Condition). There exists a constant Cy > 0 such that for each k> 0:
Vit Px|0<|XT(8-8) Sm] < Cyks.

REMARK 1. The bandit literature distinguishes between problem-dependent and independent
bounds (see, e.g., Abbasi-Yadkori et al.|2011). Specifically, in the problem-dependent case, they

assume that there exists some gap A > 0 between the rewards of the optimal arm and all other
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arms. Generally, the regret scales as O(logT) in the problem-dependent case and O(+/T) in the
problem-independent case. The problem-independent case corresponds to o =0 in the worst case;
the problem-dependent case corresponds to &« =1 when K =2 since px satisfies Px [O <|XT (B —
B2)] < Al =0. As noted earlier, we prove convergence of the greedy algorithm under covariate
diversity in both settings (see Corollary .

Thus far, we have made generic assumptions that are standard in the bandit literature. Our
third assumption introduces the covariate diversity condition, which is essential for proving that
the greedy algorithm always converges to the optimal policy. This condition guarantees that no
matter what our arm parameter estimates are at time ¢, there is a diverse set of possible contexts

(supported by the context probability density px) under which each arm may be chosen.

AssuMPTION 3 (Covariate Diversity). There exists a positive constant Ny such that for each

vector u € R the minimum eigenvalue of Ex [X X "I{X "u > 0}] is at least Xy, i.e.,
)\min (]EX [XXT]I{XTU Z 0}] ) Z >\O .

Assumption |3| holds for a general class of distributions. For instance, if the context probability
density px is bounded below by a nonzero constant in an open set around the origin, then it
would satisfy covariate diversity. This includes common distributions such as the uniform or trun-
cated gaussian distributions. Furthermore, discrete distributions such as the classic Rademacher
distribution on binary random variables also satisfy covariate diversity.

REMARK 2. As discussed in the related literature, the adaptive control theory literature has
studied “persistent excitation,” which is reminiscent of the covariate diversity condition without
the indicator function I{X "u > 0}. If persistent excitation holds for each arm in a given sample
path, then the minimum eigenvalue of the corresponding covariance matrix grows at a suitable
rate, and the arm parameter estimate converges over time. However, a greedy policy that does
not incorporate exploration may not satisfy this condition, e.g., the greedy policy may drop an
arm. Assumption [3| ensures that there is sufficient randomness in the observed contexts, thereby
exogenously ensuring that persistent excitation holds for each arm (see Lemma , regardless of

the sample path taken by the bandit algorithm.

2.2. Examples of Distributions Satisfying Assumptions
While Assumptions are generic, it is not straightforward to verify Assumption [3] The following

lemma provides sufficient conditions (that are easier to check) that guarantee Assumption

LEMMA 1. If there exists a set W C R? that satisfies conditions (a), (b), and (c) given below,
then px satisfies Assumption[3.
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(a) W is symmetric around the origin; i.e., if x € W then —x € W.
(b) There exist positive constants a,b € R such that for allx e W, a-px(—x) <b-px(x).
(¢) There exists a positive constant A such that [, xx"px (x)dx = A I,. For discrete distributions,

the integral is replaced with a sum.

We now use Lemmal[I]to demonstrate that covariate diversity holds for a wide range of continuous
and discrete context distributions, and we explicitly provide the corresponding constants. It is
straightforward to verify that these examples (and any product of their distributions) also satisfy
Assumptions [T] and

1. Uniform Distribution. Consider the uniform distribution over an arbitrary bounded set V'

that contains the origin. Then, there exists some R > 0 such that B} C V. Taking W = B,
we note that conditions (a) and (b) of Lemma (1 follow immediately. We now check condition

(c) by first stating the following lemma (see Appendix [A| for proof):

LEMMA 2. IB% xx'dx = [dR—;vol(Bf%)] I, for any R> 0.

By definition, px(x) =1/vol(V) for all x € V, and vol(B%) = Rivol(B¢ )/x¢ . Applying

Lemma [2] we see that condition (c) of Lemma (1| holds with constant A = R4 /[(d + 2)z?_].
2. Truncated Multivariate Gaussian Distribution. Let px be a multivariate Gaussian dis-
tribution N(04,), truncated to 0 for all ||x||2 > Zmax. The density after renormalization is
exp (—ix'7'x)
px(x) = [pe exp(—32"Y'z)dz

Tmax

I(xe B! ).

Tmax

Taking W = BZ . conditions (a) and (b) of Lemma (1| follow immediately. Condition (c) of

Lemma [I] holds with constant

A= ;exp <_ T ) s vol(BL ),
(27) /2| X|4/2 22min(X) ) d+2 ¥max
as shown in Lemma [7] in Appendix [A]
3. Gibbs Distributions with Positive Covariance. Consider the set {+1}? C R? equipped
with a discrete probability density px, which satisfies

1
pX(X) = E exp ( Z Jm‘l‘ﬂ[fj) 5

1<i,j<d
for any x = (1,22, ...,24) € {£1}?. Here, J;; € R are (deterministic) parameters, and Z is a
normalization term known as the partition function in the statistical physics literature. We
define W = {£1}9, satisfying conditions (a) and (b) of Lemma[l] Furthermore, condition (c)
follows by definition since the covariance of the distribution is positive-definite. This class of

distributions includes the well-known Rademacher distribution (by setting all J;; =0).
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A special case under which the conditions in Lemma [1| hold is when W is the entire support of
d

Tmax

the density py; this is the case in the Gaussian and Gibbs distributions, where W = B and
W = {£1}¢ respectively. Now, let X1 be a random vector that satisfies this special case and has
mean 0. Let X be another vector that is independent of X(*) and satisfies the general form of
Lemma (Il Then it is easy to see that X = (X, X?) also satisfies the conditions in Lemma
parts (a) and (b) clearly hold; to see why (c) holds, note that the cross diagonal entries in X X "
are zero since X has mean 0. This construction illustrates how covariate diversity works for

distributions that contain a mixture of discrete and continuous components.

3. Greedy Bandit
Notation. Let the design matriz X be the T' x d matrix whose rows are X,. Similarly, for i € [K],
let Y; be the length T' vector of potential outcomes X," 3; +¢; ;. Since we only obtain feedback when
arm 7 is played, entries of Y; may be missing. For any ¢ € [T], let S;;, = {j | m; =i} N [t] be the set
of times when arm ¢ was played within the first ¢ time steps. We use the notation X(S;:),Y (Si+),
and (S, ;) to refer to the design matrix, the outcome vector, and vector of idiosyncratic shocks
respectively, for observations restricted to time periods in S; ;. We estimate /3; at time ¢ based on
X(8;+) and Y (S, +), using ordinary least squares (OLS) regression that is defined below. We denote
this estimator BX(Si,t)vY(Si,t)7 or B(Si’t) for short.

DEFINITION 3 (OLS ESTIMATOR). For any X, € R"*? and Y, € R™*!, the OLS estimator is
Bx,.v, = argming || Yy — X |12, which is equal to (X Xo) ' X{ Yy when XJ X, is invertible.

We now describe the greedy algorithm and its performance guarantees under covariate diversity.

3.1. Algorithm

At each time step, we observe a new context X; and use the current arm estimates B(Si,t_l) to
play the arm with the highest estimated reward, i.e., 7, = arg max;c[x] XJBA(SM_l). Upon playing
arm m;, a reward Y, , = X' Br, +€x,+ is observed. We then update our estimate for arm m; but we
need not update the arm parameter estimates for other arms as B (Sit-1)= B (S;) for i #m,. The

update formula is given by

~

BS200) = [X(S1 ) X (S100)] XS, 0) Y (S0).

We do not update the parameter of arm m; if X(Sy, )" X(S,, ) is not invertible (see Remark
below for alternative choices). The pseudo-code for the algorithm is given in Algorithm
REMARK 3. In Algorithm [I| we only update the arm parameter 3 (Sr,.+) from its (arbitrary)
initial value of 0 when the covariance matrix X(S,, )" X(Sx, ) is invertible. However, one can
alternatively update the parameter using ridge regression or a pseudo inverse to improve empirical

performance. Our theoretical analysis is unaffected by this choice — as we will show in Lemma
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Algorithm 1 Greedy Bandit

Initialize 5(S;0) =0 € R? for i € [K]
for t € [T] do
Observe X; ~px
7, argmax; X,' 3(S;;_1) (break ties randomly)
Spyt < Sppi1 U{t}
Play arm 7, observe Yy, ; = X, B, + €x, 4

If X(Sy,.1) X (Sy, ) is invertible, update the arm parameter 3(S,) via

-1

B(S‘fftyt) A X(Sﬂt,t)TX(Sﬂtyt) X(Sﬂtﬁt)TY(Sﬂt,t)

end for

no matter what estimator B(S”) we use, covariate diversity ensures that the probability that
these covariance matrices are singular is upper bounded by exp(logd — Cit), thereby contributing

at most an additive constant factor to the cumulative regret (the second term in Lemma @

3.2. Performance of Greedy Bandit with Covariate Diversity
We now establish a finite-sample upper bound on the cumulative expected regret of the Greedy

Bandit for the two-armed contextual bandit when covariate diversity is satisfied.

THEOREM 1. If K =2 and Assumptions[I{3 are satisfied, the cumulative expected regret of the
Greedy Bandit at time T > 3 is at most

128C,Cxt  o*d(logd)®/? _ (128Cyxt  o%d(logd)®?  160byaxz?, d
RT(ﬂ-> S - xmaxg <Og ) 10gT+C Oxmaxo—z (Og ) + Tmax +2$maxbmax
(3)
< CgplogT =0 (logT) ,
where the constant Cy is defined in Assumption[q and
_ 1 .
C= <3 + g(logd)_0'5 + i)é(logd)_l + %(log d)‘1'°> €(1/3,52). (4)

We prove an analogous result for the greedy algorithm in the case where arm rewards are given by
generalized linear models (see and Proposition [1] for details).

Goldenshluger and Zeevi (2013) established a lower bound of O(logT) for any algorithm in a
two-armed contextual bandit. While they do not make Assumption[3] the distribution used in their
proof satisfies Assumption [3} thus their result applies to our setting. Combined with our upper
bound (Theorem , we conclude that the Greedy Bandit is rate optima]ﬂ

We can easily remove Assumption [2f and extend Theorem [1| to general margin conditions (i.e.,

a # 1 in Definition [2)) in order to cover problem-independent settings as well:

1 Our upper bound in Theoremscales as O(d*(log d)g/2 logT) in the context dimension d. This is because the term
22 1ax/ Ao scales as O(d) for standard distributions satisfying covariate diversity (e.g., truncated multivariate gaussian
or uniform distribution). Thus, our upper bound for the Greedy Bandit is slightly worse (by a factor of d) than the
upper bound of O(d?(log cl)3/2 log T') established in [Bastani and Bayati| (2020) for the OLS Bandit.
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COROLLARY 1. Let « denote the general margin condition satisfied by px (Definition @) If
K =2 and only Assumptions [1] and [3 are satisifed, the cumulative expected regret of the Greedy

Bandit is at most
O(TU=/2) if0<a<l,

Rr(m)=1 O(logT) if a=1, (5)
o(1) if a>1,
The proof of this result is given in Appendix In other words, the Greedy Bandit continues to

be rate optimal under general margin conditions for the two-armed contextual bandit as long as

covariate diversity is satisfied.

3.3. Proof of Theorem [

Notation. Let R, = {x cX:x'fp;> max;4; xTﬁj} denote the true set of contexts where arm 7 is
optimal. Then, let ﬁft = {x cX: XTB(SM_l) > max; 4 XTBA(Sjyt_l)} denote the estimated set of
contexts at time ¢t where arm 4 appears optimal; in other words, if the context X, € 7@3“ then the
greedy policy will choose arm 7 at time ¢ (since we assume without loss of generality that ties are
broken randomly as selected by 7 and thus, {R;},, and {ﬁft}fil partition the context space X).

For any t € [T], let Hi—y = 0 (Xy4,7T1:-1, Y1(S1.0-1), Yo (S24-1),- -, Y (Ski—1)) denote the o-
algebra containing all observed information up to time ¢ before taking an action; thus, our policy ;
is H,_1-measurable. Furthermore, let H,_; =0 (X141, m1:0-1, Y1(S1,0-1), Yo(Sa.t-1), - - -, Y (Ski-1))
which is the o-algebra containing all observed information before time t.

Define 3(S; ;) = X(S;+) "X (S; ) as the sample covariance matrix for observations from arm i up
to time ¢. We may compare this to the expected covariance matrix for arm ¢ under the greedy
policy, defined as ¥, , =", _,| E [XkX,;r]I[Xk ERT | 7-[,;_1} :

Proof Strategy. Intuitively, covariate diversity (Assumption [3) guarantees that there is suf-
ficient randomness in the observed contexts, which creates natural “exploration.” In particular,
no matter what our current arm parameter estimates {3 (S1,),(S2)} are at time ¢, each arm
will be chosen by the greedy policy with at least some constant probability (with respect to px)

depending on the observed context. We formalize this intuition in the following lemma.

LEMMA 3. Given Assumptions and@ the following holds for any u € R9:
Ao

2
xmax

Px[x"u>0] >

Proof of Lemma[3 For any observed context x, note that xx' < z2 I, by Assumption

Re-stating Assumption [3| for each u € RY, we can write

Aoly =< /XXT]I(XTUZO)pX(X)dX =< 22 Id/H(XTUZO)pX(X)dX = 22 Px[x'u>0]l,

max max

since the indicator function and py are both nonnegative. [
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Taking u = j (S14) — B (S2+), Lemma (3] implies that arm 1 will be pulled with probability at
least \g/z?,, at each time ¢; the claim holds analogously for arm 2. Thus, each arm will be played

max
at least \gT'/22, = Q(T) times in expectation. However, this is not sufficient to guarantee that
each arm parameter estimate Bz converges to the true parameter §;. In Lemma |4} we establish a
sufficient condition for convergence.

First, we show that covariate diversity guarantees that the minimum eigenvalue of each arm’s
expected covariance matrix f}i_,t under the greedy policy grows linearly with £. This result implies
that not only does each arm receive a sufficient number of observations under the greedy policy,
but also that these observations are sufficiently diverse (in expectation). Next, we apply a standard
matrix concentration inequality (see Lemma@in Appendix to show that the minimum eigenvalue

of each arm’s sample covariance matrix ZA)(SM) also grows linearly with ¢. This will guarantee the

convergence of our regression estimates for each arm parameter.

LEMMA 4. Take C, = \o/(40z2,,). Given Assumptions [1] and [3, the following holds for the

max

minimum eigenvalue of the empirical covariance matrix of each arm i € [2]:
P [Ain (2(Si0)) = Aot/4] 21— exp(logd — Cit) .

Proof of Lemmal[f]. Without loss of generality, let i = 1. For any k <t, let u;, = B(Sl,k) —B(SM);
by the greedy policy, we pull arm 1 if X, u,_; >0 and arm 2 if X, u,_, <0 (ties are broken

randomly using a fair coin flip W}). Thus, the estimated set of optimal contexts for arm 1 is
Rip= {xeX:x"u_ ;>0 U{xeX :x"u_1=0,W,=0}.

First, we seek to bound the minimum eigenvalue of the expected covariance matrix ¥,; =

S E [XkX];r]I[Xk eR| 7—[,;1]. Expanding one term in the sum, we can write
E [XkX,;r]I[Xk R | ’H;_l] =B [ X X[ (1[X] wey > 0] + (X, w g =0, W =0]) | Hy ]
1
Z AO/Qa

where the last line follows from Assumption [3| Since the minimum eigenvalue function A, (+) is

concave over positive semi-definite matrices, we can write

A (Z1.) = Amin (iﬂi [XXTIX € Riyl | ”H;._l})

k=1
> gAmm (E [XXTH[X € Rull 7—[,;1D > % .
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Next, we seek to use matrix concentration inequalities (Lemma |§| in Appendix to bound the
minimum eigenvalue of the sample covariance matrix f)(Slyt). To apply the concentration inequality,
we also need to show an upper bound on the maximum eigenvalue of X, X, ; this follows trivially

from Assumption [I] using the Cauchy-Schwarz inequality:

[Xe X alla _ [ XelZlull2 o
—_— max*

Amax (X X, ) = max |

wo fulle T flulfl

We can now apply Lemma@ taking the finite adapted sequence {X}} to be {XkX,;r]I[Xk € ﬁlyk]},
so that Y =3(Sy,) and W =%, ,. We also take R=22__ and = 1/2. Thus, we have

max

Ao
. Aot - Aot €703\ Thax |
PX |:Amin <E(81¢)) S TO and )\min <El,t> Z ;:| S d <0 505)
0.1\
< logd — t
= < AT ) |

using the fact —0.5 — 0.51log(0.5) < —0.1. As we showed earlier, Py (Amm (iu) > M) — 1. This
proves the result. [

Next, Lemmal 5] guarantees with high probability that each arm’s parameter estimate has small £,
error with respect to the true parameter if the minimum eigenvalue of the sample covariance matrix
32(S;.) has a positive lower bound. Note that we cannot directly use results on the convergence
of the OLS estimator since the set of samples S;; from arm ¢ at time ¢ are not i.i.d. (we use the
arm estimate B(Si’t,l) to decide whether to play arm ¢ at time ¢; thus, the samples in S;, are
correlated.). Instead, we use a Bernstein concentration inequality to guarantee convergence with
adaptive observations. In the following lemma, note that n is any deterministic upper bound on
the total number of times that arm 4 is pulled until time ¢. In the proof of Lemma [6] we will take

n =t; however, we state the lemma for general n for later use in our probabilistic guarantees.

LEMMA 5. Taking Cy = \?/(2do?22,.) and n > |S;,|, we have for all \,x >0,

max

P18(Sie) = Bill = X and Awin (5(Si0)) 2 At| < 2dexp (~Cat®x*/n).
Proof of Lemma @ We begin by noting that if the event A, (2(6’”)) > At holds, then

18(Sie) = Bill2 = | (X(Sz‘,t)TX(Sz‘,t))il X (Sir) "e(Sio)ll2
<| (X(Si,t)TX(Si,t))il 121X (Sie) "e(Si)ll2 < %”X(Si,t)%(si,t)ﬂz-

As a result, we can write

P[18(800) = Billo > x and Awsa (5(5.0)) 2 M|
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=P [ 2 | o (s <si,t>) > x| P [Amm (m t>) > At}
<P[IX n)llz>xt/\]

d
Aty
< ZP [\E(Si,t)TX(Si,t)(r)| 2 } ;
r=1 \/g

where X" denotes the " column of X. We can expand

£(Si) TX(S; T>—Zaj A €S,

For simplicity, define D; =¢;X;,1[j € S, ;]. First, note that D, is (Zyax0)-subgaussian, since ¢; is o-
subgaussian and | X .| < Zp.x. Next, note that X, and I[j € S; ;] are both H,_; measurable; taking
the expectation gives E[D; | H;_1] = X;,1[j € S; ;] Ele; | H;_1] = 0. Thus, the sequence {D;}!_, is a
martingale difference sequence adapted to the filtration H; C Hy C --- C H;. Applying a standard

Bernstein concentration inequality (see Lemma 8| in Appendix , we can write

t
At x t2A%x?
P ‘ r ] <2exp < —
-_ - 2 )
[ = Vd 2do?x2  n
where n is an upper bound on the number of nonzero terms in above sum, i.e., an upper bound on

|S; +|. This yields the desired result. O

To summarize, Lemma provides a lower bound (with high probability) on the minimum eigen-
value of the sample covariance matrix. Lemma 5] states that if such a bound holds on the minimum
eigenvalue of the sample covariance matrix, then the estimated parameter B(Sm) is close to the
true ; (with high probability). Having established convergence of the arm parameters under the
Greedy Bandit, one can use a standard peeling argument to bound the instantaneous expected

regret of the Greedy Bandit algorithm (the remaining proof is given in Appendix .

LEMMA 6. Define F}, = {)\m,n X(Sii) " X(Sir)) > )\t}. Then, the instantaneous expected regret
of the Greedy Bandit at time t > 2 satisfies

4( —1 ) CO C$III&X (log d)3/2 1

<
re(m) < Cy t—1

+4(K - 1)bmaxxmax (mla’xp[m]) ’

where Cy = \2/(32do?a?,.), Cy is defined in Assumption[d, and C is defined in Theorem [1]

Note that IF’[]-?,?_/ 1] can be upper bounded using Lemma Substituting this in the upper bound
derived on r;(7) in Lemma @ and using Rp(m) = Zthl () finishes the proof of Theorem
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3.4. Generalized Linear Rewards
In this section, we discuss how our results generalize when the arm rewards are given by a general-
ized linear model (GLM). Now, upon playing arm i after observing context X, the decision-maker
realizes a reward Y;, with expectation E[Y; ] = u(X, B;), where u is the inverse link function.
For instance, in logistic regression, this would correspond to a binary reward Y;, with u(z) =
1/(14exp(—z)); in Poisson regression, this would correspond to an integer-valued reward Y;, with
w(z) = exp(z); in linear regression, this would correspond to u(z) = z.

In order to describe the greedy policy in this setting, we give a brief overview of the exponential
family, generalized linear model, and maximum likelihood estimation.

Ezxponential family. A univariate probability distribution belongs to the canonical exponential

family if its density with respect to a reference measure (e.g., Lebesgue measure) is given by
po(z) =exp[20 — A(0) + B(z)] , (6)

where 6 is the underlying real-valued parameter, A(-) and B(-) are real-valued functions, and A(-)
is assumed to be twice continuously differentiable. For simplicity, we assume the reference measure
is the Lebesgue measure. It is well known that if Z is distributed according to the above canonical
exponential family, then it satisfies E[Z] = A’(0) and Var[Z] = A”(#), where A" and A” denote the
first and second derivatives of the function A with respect to 6, and A is strictly convex (see e.g.,
Lehmann and Casella |1998)).

Generalized linear model (GLM). The natural connection between exponential families and
GLMs is provided by assuming that the density of Y;, for the context X; and arm 7 is given by
95, (Yie | X2) :pXtTBi(K,t). where p is defined in @ In other words, the reward upon playing arm
i for context X, is Y;, with density

exXp [thXtTﬂz - A(Xt—rﬁz) + B(Yi,t)] :

Using the aforementioned properties of the exponential family, E[Y; ] = A(X,” ), i.e., the link
function = A’. This implies that p is continuously differentiable and its derivative is A”. Thus,
is strictly increasing since A is strictly convex.

Mazimum likelihood estimation. Suppose that we have n samples (X1,Y7),(X2,Y32),...,(X,, Y,)
from a distribution with density gs(Y | X). The maximum likelihood estimator of 8 based on this

sample is given by

arg;naxz log gs(Vy | X¢) = arg;naxz [YoX/ 8- AX/]B)+B(Yy)] - (7)

=1 =1
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Since A is strictly convex (so —A is strictly concave), the solution to (7)) can be obtained efficiently
(see e.g.,McCullagh and Nelder]|1989). It is not hard to see that whenever XX is positive definite,
this solution is unique (see Appendix for a proof). We denote this unique solution by h,(X,Y).

Now we are ready to generalize the Greedy Bandit algorithm when the arm rewards are given by
a GLM. Using similar notation as in the linear reward case, given the estimates { B(Sm_l)}

1€[K]
at time ¢, the greedy policy plays the arm that maximizes expected estimated reward, i.e.,

T = argmax f (X;B(Si,t—1)> -
i€[K]

Since p is a strictly increasing function, this translates to m, = argmax;c(x X' B (Sit-1)-

Algorithm 2 Greedy Bandit for Generalized Linear Models
Input parameters: inverse link function
Initialize 3(S;0) =0 for i € [K]
for t € [T] do
Observe X; ~px
7, < argmax; X, 3(S;,_1) (break ties randomly)
Play arm 7, observe Y, ; = u(X, Br,) + €ny .t
Update B(S,,.) « hy (X(Sr, ), Y (S, t)), where h,(X,Y) is the solution to the maximum
likelihood estimation in Equation
end for

Next, we state the following result (proved in Appendix |D.2)) that Algorithm [2| achieves loga-

rithmic regret when K =2 and the covariate diversity assumption holds.

PRrROPOSITION 1. Consider arm rewards given by a GLM with o-subgaussian noise €, =Y;; —
w(X,"B;). Define my = min{p'(2): 2 € [~ (bmax + 0)Tmax, (bmax + 0)Tmax }- If K =2 and Assump-
tions are satisfied, the cumulative expected regret of Algorithm[3 at time T is at most

< 128C,C, L,x% . o%d Cozd ..0%d N 160bmaxx‘:’naxd

RT('/T) )\g max 10gT+ CY#Lu (128 /\(2) AO

+ 2xmaxbmax) = O (IOg T) ’

where the constant Cy is defined in Assumption@ L, is the Lipschitz constant of the function p(-)
3 2
yogds | 1) 42 (—ng"‘d + 1) +

Mbmax 2 Mbmax

on the interval [T maxbmax, Tmaxbmax), and C,, is defined as C,, = % (
8 (1) (SR ) M 1) L

3 mbmax "meax bmax 2mbmax

bmax
3.5. Performance of Greedy Bandit without Covariate Diversity

Thus far, we have shown that the greedy algorithm is rate optimal when there are only two arms
and in the presence of covariate diversity in the observed context distribution. However, when
these additional assumptions do not hold, the greedy algorithm may fail to converge to the true
arm parameters and achieve linear regret. We now show that a greedy approach achieves rate
optimal performance with some probability even when these assumptions do not hold. This result

will motivate the design of the Greedy-First algorithm in
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Assumptions. For the rest of the paper, we allow the number of arms K > 2, and remove
Assumption [3] on covariate diversity. Instead, we will make the following weaker Assumption [4]
which is typically made in the contextual bandit literatureﬂ (see e.g., |Goldenshluger and Zeevi
2013, Bastani and Bayati|2020), which allows for multiple arms, and relaxes the assumption on

observed contexts (e.g., allowing for intercept terms in the arm parameters).

AssuMPTION 4 (Positive-Definiteness). Let KC,, and Ky, be mutually exclusive sets that
include all K arms. Sub-optimal arms i € K, satisfy x' 5; < max,z; xTﬁj —h for some h >0 and
every x € X. On the other hand, each optimal arm i € K, has a corresponding set U; = {x |
x'B; >max; . x'8;+h}. Define 3, =E [ XX TI(X € U;)] for all i € K,p. Then, there exists Ay >0
such that for all i € Kopr, Amin (X;) > A1 > 0.

Algorithm. We consider a small modification of the Greedy Bandit (Algorithm, by initializing
each arm parameter estimate with m > 0 random samples. Note that OLS requires at least d
samples for an arm parameter estimate to be well-defined, and Algorithm [I| does not update the
arm parameter estimates from the initial ad-hoc value of 0 until this stage is reached (i.e., the
covariance matrix X(S; ;)" X(S; ) for a given arm i becomes invertible); thus, all actions up to
that point are essentially random. Consequently, we argue that initializing each arm parameter
with m = d samples at the beginning is qualitatively no different than Algorithm [I] We consider
general values of m to study how the probabilistic guarantees of the greedy algorithm vary with
the number of initial samples.

REMARK 4. We note that there is a class of explore-then-exploit bandit algorithms that follow a
similar strategy of randomly sampling each arm for a length of time and using those estimates for
the remaining horizon (Bubeck and Cesa-Bianchi|2012). However, (i) m is a function of the horizon
length 7T in these algorithms (typically m = +/T') while we consider m to be a (small) constant with
respect to T', and (ii) these algorithms do not follow a greedy strategy since they do not update
the parameter estimates after the initialization phase.

Result. The following theorem shows that the Greedy Bandit converges to the correct policy

and achieves rate optimal performance with at least some problem-specific probability.
THEOREM 2. Under Assumptions[1] [3, and[), Greedy Bandit achieves logarithmic cumulative

regret with probability at least

Sgb(m,K, Oy Tanaxs A1, 1) i =1 — inf L(v,4,p), (8)

~v€(0,1),6>0,p>Km+1

2 This assumption is slightly different as stated than the assumptions made in prior literature; however, the assump-
tions are equivalent for bounded px (Assumption .
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where the function L(v,d,p) is defined as

2
L(Va 57p) =1- P [)‘min(XImXI:m) Z 5]K + 2Kd ]P) [Amin(XImXI:m) 2 5} exp {_&JOZ;;}
p—1
h?4 dexp (=D1(7)(p — m|Ksus]))
2d —
g exp{ d(j — (K ~ 1)m)02xﬁm} I—exp(~Di(7))

2dexp (—Da(7)(p — m|Csus])) 9)
1 —exp(—=Da(7))

Here X.,, denotes the matriz obtained by drawing m random samples from distribution px, and

M(y+ (1 =7)log(1—7)) A (1 —9)°
= = v

max max

Di(v) (10)

Proof Strategy. The proof of Theorem [2] is provided in Appendix [F] We observe that if all
arm parameter estimates remain within a Euclidean distance of 6; = h/(22,.x) from their true
values for all time periods t > K'm, then the Greedy Bandit converges to the correct policy and
is rate optimal. We derive lower bounds on the probability that this event occurs using Lemma
after proving suitable lower bounds on the minimum eigenvalue of the covariance matrices. The
key steps are as follows:

1. Assuming that the minimum eigenvalue of the sample covariance matrix for each arm is above
some threshold value § > 0, we derive a lower bound on the probability that after initialization,
each arm parameter estimates lie within a ball of radius 0; = h/(22,,.x) centered around the
true arm parameter.

2. Next, we derive a lower bound on the probability that these estimates remain within this ball
after p > K'm + 1 rounds for some choice of p.

3. We use the concentration result in Lemma [J] to derive a lower bound on the probability
that the minimum eigenvalue of the sample covariance matrix of each arm in K, is above
(L= A1 (t —=m|Kyyp|) for any t > p.

4. We derive a lower bound on the probability that the estimates ultimately remain inside the
ball with radius ;. This ensures that no sub-optimal arm is played for any ¢ > Km.

5. Summing up these probability terms implies Theorem [2| The parameters «, 9, and p can be
chosen arbitrarily and we optimize over their choice.

The following Proposition [2] illustrates some of the properties of the function S#® in Theorem
with respect to problem-specific parameters. The proof is provided in Appendix

PROPOSITION 2. The function S9°(m, K, 0, Tyax, \1,h) defined in Equation 1S non-increasing
with respect to o and K; it is non-decreasing with respect to m, A\ and h. Furthermore, the limit

of this function when o goes to zero is

P [Arnin (X Xom) > 0] .
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In other words, the greedy algorithm is more likely to succeed when there is less noise and when
there are fewer arms; it is also more likely to succeed with additional initialization samples, when
the optimal arms each have a larger probability of being the best arm under px, and when the
sub-optimal arms are worse than the optimal arms by a larger margin. Intuitively, these conditions
make it easier for the Greedy Bandit to avoid “dropping a good arm” early on, which would result
in its convergence to the wrong policy. As the noise goes to zero, the greedy algorithm always
succeeds as long as the sample covariance matrix for each of the K arms is positive definite after
the initialization periods.

In Corollary [2, we simplify the expression in Theorem [2| for better readability. However, the
simplified expression leads to poor tail bounds when m is close to d, while the general expression

in Theorem [2| works when m = d as demonstrated later in (see Figure [1)).

COROLLARY 2. Under the assumptions of Theorem[d, Greedy Bandit achieves logarithmic cumu-
lative regret with probability at least

3K dexp(—Dminm|KCopt!)

1
1 _exp(_Dmin) ’

2 2.4
Thiax  32docxy .y

. . . 0.153\1 A2p?
where function D, is defined as D, = min

To summarize, these probabilistic guarantees on the success of Greedy Bandit suggest that
a greedy approach can be effective and rate optimal in general with at least some probability.
Therefore, in the next section, we introduce the Greedy-First algorithm which executes a greedy
strategy and only resorts to forced exploration when the observed data suggests that the greedy

updates are not converging. This helps eliminate unnecessary exploration with high probability.

4. Greedy-First Algorithm

As noted in Theorem (I}, the optimality of the Greedy Bandit requires that there are only two arms
and that the context distribution satisfies covariate diversity. The latter condition rules out some
standard settings, e.g., the arm rewards cannot have an intercept term (since the addition of a
one to every context vector would violate Assumption [3). While there are many examples that
satisfy these conditions (see , the decision-maker may not know a priori whether a greedy
algorithm is appropriate for her particular setting. Thus, we introduce the Greedy-First algorithm
(Algorithm , which is rate optimal without these additional assumptions, but seeks to use the

greedy algorithm without forced exploration when possible.
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Algorithm 3 Greedy-First Bandit
Input parameters: Ao, %
Initialize 3(S; ) at random for i € [K]
Initialize switch to R=0
for t € [T] do
if R#0 then break
end if
Observe X; ~px
7, <—argmax; X, 3(S;;_1) (break ties randomly)
Sﬂ—t’t — Sﬂt,t_l U {t}
Play arm 7, observe Y; ;= X," 3,, + &, 4

Update arm parameter 3(Sy, ;) = [X(Smt)TX(S,rt,t) X(Snt) 'Y (Snyt)
Compute covariance matrices 3(S;,) = X(S;,) TX(S;,) for i € [K]
if ¢t >ty and min;cx] Amin (XA)(&;J)> < % then
Set R=t
end if

end for
Execute OLS Bandit for t € [R+1,T]

4.1. Algorithm
The Greedy-First algorithm has two inputs Aq and ¢,. It starts by following the greedy algorithm up
to time tg, after which it iteratively checks whether all the arm parameter estimates are converging
to their true values at a suitable rate. A sufficient statistic for checking this is simply the minimum
eigenvalue of the sample covariance matrix of each arm; if this value is above the threshold of Ayt /4,
then greedy estimates are converging with high probability. On the other hand, if this condition
is not met, the algorithm switches to a standard bandit algorithm with forced exploration. We
choose the OLS Bandit algorithm (introduced by |Goldenshluger and Zeevi (2013) for two arms
and extended to the general setting by [Bastani and Bayati (2020)), provided in Appendix

REMARK 5. Greedy-First can switch to any contextual bandit algorithm (e.g., OFUL by Abbasi-
Yadkori et al.| (2011) or Thompson sampling by |Agrawal and Goyall (2013), Russo and Van Roy
(2018))) instead of the OLS Bandit. Then, the assumptions used in the theoretical analysis would be
replaced with analogous assumptions required by that algorithm. Our proof naturally generalizes
to adopt the assumptions and regret guarantees of the new algorithm when Greedy Bandit fails.

In practice, Ay may be an unknown constant. Thus, we suggest the following heuristic routine
to estimate this parameter:

1. Execute Greedy Bandit for ¢, time steps.

2. Estimate )\ using the observed data via o= % miN, e (k] Amin (2(Si,t0)>~

3. If Ay =0, this suggests that one of the arms is not receiving sufficient samples, and thus,

Greedy-First will switch to OLS Bandit immediately. Otherwise, execute Greedy-First for
te[to+1,T] with Ao = Ao.
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The pseudo-code for this heuristic is given in Appendix [E] The regret guarantees of Greedy-First
(given in the next section) are always valid, but the choice of the input parameters may affect the
empirical performance of Greedy-First and the probability with which it remains exploration-free.
For example, if ¢y is too small, then Greedy-First may incorrectly switch to OLS Bandit even when

a greedy algorithm will converge; thus, choosing t, > Kd is advisable.

4.2. Regret Analysis of Greedy-First

As noted in we replace the more restrictive assumption on covariate diversity (Assumption
3)) with a more standard assumption made in the bandit literature (Assumption . Theorem
establishes an upper bound of O(logT) on the expected cumulative regret of Greedy-First.
Furthermore, we establish that Greedy-First remains purely greedy with high probability when

there are only two arms and covariate diversity is satisfied.

THEOREM 3. The cumulative expected regret of Greedy-First at time T is at most
ClOgT + 2t0xmaxbmax PR

where C = (K —1)Cep+Cop, Cop is the constant defined in Theorem and Cop is the coefficient
of log(T') in the upper bound of the regret of the OLS Bandit algorithm.

Furthermore, if Assumption@ is satisfied (with the specified parameter \g) and K =2, then the

Greedy-First algorithm will purely execute the greedy policy (and will not switch to the OLS Bandit
algorithm) with probability at least 1 — &, where § = 2dexp[—t,C1]/C1, and Cy = \o/4022,, .. Note
that & can be made arbitrarily small since ty is an input parameter to the algorithm.
The key insight to this result is that the proof of Theorem [I]only requires Assumption [3|in the proof
of Lemma [4] The remaining steps of the proof hold without the assumption. Thus, if the conclusion
of Lemma [ min;ex; Amin(i(8i7t)) > % holds at every t € [to+ 1,7, then we are guaranteed at
most O (logT') regret by Theorem (1} regardless of whether Assumption [3| holds.

Proof of Theorem[3 First, we will show that Greedy-First achieves asymptotically optimal
regret. Note that the expected regret during the first ¢, rounds is upper bounded by 22, bmaxto-
For the period [ty +1,T] we consider two cases: (1) the algorithm pursues a purely greedy strategy,
i.e., R=0, or (2) the algorithm switches to the OLS Bandit algorithm, i.e., R € [to + 1,T].

Case 1: By construction, we know that min;cx) Amin (ZA](S”)> > Aot/4, for all t > ty. This is
because Greedy-First only switches when the minimum eigenvalue of the sample covariance matrix
for some arm is less than Agt/4. Therefore, if the algorithm does not switch, it implies that the
minimum eigenvalue of each arm’s sample covariance matrix is greater that or equal to \gt/4 for
all values of ¢ > t,. Then, the conclusion of Lemma 4| holds in this time range (F;, holds for all
i € [K]). Consequently, even if Assumption does not hold and K # 2, Lemma@ holds and provides



Author: Ezploration-Free Contextual Bandits
24 Article submitted to ; manuscript no. (Please, provide the mansucript number!)

an upper bound on the expected regret r,. This implies that the regret bound of Theorem [1} after
multiplying by (K — 1), holds for Greedy-First. Therefore, Greedy-First is guaranteed to achieve
(K —1)Cgplog (T —to) regret in the period [t + 1,7 for some constant Cgp that depends only
on py,b and o. Hence, the regret in this case is upper bounded by 2z, bmaxto + (K —1)Cgplog T

Case 2: Once again, by construction, we know that min;c(x] Amin (i(&g) > Aot/4 for all t €
[to+1, R] before the switch. Then, using the same argument as in Case 1, Theorem guarantees that
we achieve at most (K —1)Cgplog (R — to) regret for some constant Cgp over the interval [to+1, R].
Next, Theorem 2 of Bastani and Bayati (2020]) guarantees that, under Assumptions and (4, the
OLS Bandit’s cumulative regret in the interval ¢ € [R 4 1,T] is upper bounded by Cpplog (T — R)
for some constant Cpp. Thus, the total regret is at most 22maxbmaxto + (K —1)Cop + Cop)logT.
Note that although the switching time R is a random variable, the upper bound on the cumulative
regret 22, 0maxto + (K —1)Cep + Cop)log T holds uniformly regardless of the value of R.

Thus, the Greedy-First algorithm always achieves O(logT') cumulative regret. Next, we prove
that when Assumption [3] holds and K =2, the Greedy-First algorithm maintains a purely greedy
policy with high probability. In particular, Lemma [ states that if the specified A\, satisfies
Amin (Ex [XX TI(X Tu >0)]) > Ao for each vector u € R, then at each time ¢,

P [Amin (2(&,9) > Aﬂ >1—exp[logd — Ci1] ,

where C} = \g/40x2 .. Thus, by using a union bound over all K =2 arms, the probability that the

max

algorithm switches to the OLS Bandit algorithm is at most

T [e9)
K Z exp [logd — C4t] < 2/ exp [logd — Cyt]dt = é—dexp [—toCh] .

t=tg+1 to !

This concludes the proof. [

4.3. Probabilistic Guarantees for Greedy-First Algorithm

The key value proposition of Greedy-First is to reduce forced exploration when possible. Theorem
established that Greedy-First eliminates forced exploration entirely with high probability when
there are only two arms and when covariate diversity holds. However, a natural question might be
the extent to which Greedy-First reduces forced exploration in general problem instances.

To answer this question, we leverage the probabilistic guarantees we derived for the greedy
algorithm in Note that unlike the greedy algorithm, Greedy-First always achieves rate optimal
regret. We now study the probability with which Greedy-First is purely greedy under an arbitrary
number of arms K and the less restrictive Assumption [2| However, we impose that all K arms
are optimal for some set of contexts under px, i.e., Kyp = [K], Ksup = 0. This is because Greedy-

First always switches to the OLS Bandit when an arm is sub-optimal across all contexts. In order
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for any algorithm to achieve logarithmic cumulative regret, sub-optimal arms must be assigned
fewer samples over time and thus, the minimum eigenvalue of the sample covariance matrices of
those arms cannot grow sufficiently fast; as a result, the Greedy-First algorithm will switch with
probability 1. This may be practically desirable as the decision-maker can decide whether to “drop”

the arm and proceed greedily or to use an exploration-based algorithm when the switch triggers.

THEOREM 4. Let Assumptions @, and|Z| hold and suppose that K., = 0. Then, with probability
at least

ng(maKao-al'maxv)\l’h)Zl_ L/(7357P)7 (11)

in
Y<1-Xg/(4X1),6>0,Km+1<p<tg
Greedy-First remains purely greedy (does not switch to an exploration-based bandit algorithm) and
achieves logarithmic cumulative regret. The function L' is closely related to the function L from

Theorem[d, and is defined as

dexp(—D:(7)p)

1 —exp(=D1(7))
The proof of Theorem [4 is provided in Appendix [F] The steps followed are similar to that of

the proof of Theorem [2| In the third step of the proof strategy of Theorem [2] (see §3.5)), we used

L/(’}/,(S,p) :L(’)/,(S,p)—i—(K—l) (12)

concentration results to derive a lower bound on the probability that the minimum eigenvalue of
the sample covariance matrix of all arms in /C,,; are above (1 —~)\;t for any ¢ > p (note that we are
assuming Ky, = () in this section). For Greedy Bandit, this result was only required for the played
arm; in contrast, for Greedy-First to remain greedy, all arms are required to have the minimum
eigenvalues of their sample covariance matrices above (1 —«)A;t. This causes the difference in L
and L' since we need a union bound over all K arms. The additional constraints on p ensure that
the Greedy-First algorithm does not switch,

The following Proposition 3] illustrates some of the properties of the function S in Theorem
with respect to problem-specific parameters. The proof is provided in Appendix [F}

PROPOSITION 3. The function S%(m,K,o,Tmayx, A1,h) defined in Equation (11) is non-
increasing with respect to o and K ; it is non-decreasing with respect to Ay and h. Furthermore, the
limit of this function when o goes to zero is

x  Kdexp(=Di(v")t)
1—exp(=Di(v*)) ’

P [Amin (X1,

1:m

Xi.m) > 0]

where v =1— Xo/(4A1).

These relationships mirror those in Proposition [2] i.e., Greedy-First is more likely to remain
exploration-free when Greedy Bandit is more likely to succeed. In particular, Greedy-First is more

likely to avoid exploration entirely when there is less noise and when there are fewer arms; it is
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also more likely to avoid exploration with additional initialization samples and when the optimal
arms each have a larger probability of being the best arm under px. Intuitively, these conditions
make it easier for the greedy algorithm to avoid “dropping” an arm, so the minimum eigenvalue
of each arm’s sample covariance matrix grows at a suitable rate over time, allowing Greedy-First
to remain greedy.

In Corollary [3, we simplify the expression in Theorem {4 for better readability. However, the
simplified expression leads to poor tail bounds when m is close to d, while the general expression

in Theorem [4 works when m = d as demonstrated in Figure [I}

COROLLARY 3. Under the assumptions made in Theorem[f), Greedy-First remains purely greedy
and achieves logarithmic cumulative regret with probability at least

B 3Kdexp(—DpinKm)

1
1 —exp(—Duin)

where the function Dy, is defined in Corollary[3

We now illustrate the probabilistic bounds given in Theorems [2 and [4] through a simple example.

EXAMPLE 1. Let K =3 and d = 2. Suppose that arm parameters are given by 5, = (1,0), s =
(=1/2,4/3/2) and Bs = (—1/2,—+/3/2). Furthermore, suppose that the distribution of covariates
px is the uniform distribution on the unit ball Bf = {x € R? | ||z|| < 1}, implying .x = 1. The
constants h and A; are chosen to satisfy Assumption @ here, we choose h = 0.3, and \; ~ 0.025.
We then numerically plot our lower bounds on the probability of success of the Greedy Bandit
(Theorem [2)) and on the probability that Greedy-First remains greedy (Theorem {4f) via Equations
and respectively. Figure[l|depicts these probabilities as a function of the noise o for several
values of initialization samples m.

We note that our lower bounds are very conservative, and in practice, both Greedy Bandit and
Greedy-First succeed and remain exploration-free respectively with much larger probability. For
instance, as observed in Example [I| one can optimize over the choice of A\; and h. In the next
section, we verify via simulations that both Greedy Bandit and Greedy-First are successful with a

higher probability than our lower bounds may suggest.

5. Simulations

We now validate our theoretical findings on synthetic and real datasets.

5.1. Synthetic Data
Linear Reward. We compare Greedy Bandit and Greedy-First with state-of-the-art contextual
bandit algorithms. These include:
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Figure 1 Lower (theoretical) bound on the probability of success for Greedy Bandit and Greedy-First. For m =
20,to = 1000, the performance of Greedy-First for \o € {0.01,0.0001} are similar and indistinguishable.

1. OFUL by |Abbasi-Yadkori et al.| (2011]), which builds on the original upper confidence bound
(UCB) approach of [Lai and Robbins| (1985),
2. Prior-dependent TS by Russo and Van Roy| (2014), which builds on the original Thompson
sampling approach of Thompson| (1933)),
3. Prior-free TS by |Agrawal and Goyal (2013), which builds on the original Thompson sampling
approach of [Thompson (1933)), and
4. OLS Bandit by |Goldenshluger and Zeevi (2013)), which builds on e-greedy methods.
Prior-dependent TS requires knowledge of the prior distribution of arm parameters (3;, while
prior-free TS does not. All algorithms require knowledge of an upper bound on the noise variance
o. Following the setup of Russo and Van Roy| (2014), we consider Bayes regret over randomly-
generated arm parameters. In particular, for each scenario, we generate 1000 problem instances
and sample the true arm parameters {3;}£ | independently. At each time step within each instance,
new context vectors are drawn i.i.d. from a fixed context distribution py. We then plot the average
Bayes regret across all these instances, along with the 95% confidence interval, as a function of
time ¢ with a horizon length 7'= 10,000. We take K =2 and d = 3 (see Appendix for simulations
with other values of K and d). The noise variance o2 = 0.25.
We consider four different scenarios, varying (i) whether covariate diversity holds, and (ii)
whether algorithms have knowledge of the true prior. The first condition allows us to explore how

the performance of Greedy Bandit and Greedy-First compare against benchmark bandit algorithms
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when conditions are favorable / unfavorable for the greedy approach. The second condition helps
us understand how knowledge of the prior distribution and noise variance affects the performance
of benchmark algorithms relative to Greedy Bandit and Greedy-First (which do not require this
knowledge). When the correct prior is provided, we assume that OFUL and both versions of TS
know the noise variance.

Context vectors: For scenarios where covariate diversity holds, we sample the context vectors
from a truncated Gaussian distribution, i.e., 0.5 x N(04,I;) truncated to have £, norm at most 1.
For scenarios where covariate diversity does not hold, we generate the context vectors the same
way but we add an intercept term.

Arm parameters and prior: For scenarios where the algorithms have knowledge of the true prior,
we sample the arm parameters {f;} independently from N(04,1;), and provide all algorithms with
knowledge of o, and prior-dependent TS with the additional knowledge of the true prior distribution
of arm parameters. For scenarios where the algorithms do not have knowledge of the true prior, we
sample the arm parameters {3;} independently from a mixture of Gaussians, i.e., they are sampled
from the distribution 0.5 x N(14,1,) with probability 0.5 and from the distribution 0.5 x N(—1,4,1,)
with probability 0.5. However, prior-dependent TS is given the following incorrect prior distribution
over the arm parameters: 10 x N(04,I;). The OLS Bandit parameters are set to h =5,¢ =1, and
to = 4K d for Greedy-First. None of the algorithms in this scenario are given knowledge of o; rather,
this parameter is sequentially estimated over time using past data within the algorithm.

Results. Figure [2] shows the cumulative Bayes regret of all the algorithms for the four different
scenarios discussed above (with and without covariate diversity, with and without the true prior).
When covariate diversity holds (a-b), the Greedy Bandit is the clear frontrunner, and Greedy-First
achieves the same performance since it never switches to OLS Bandit. However, when covariate
diversity does not hold (c-d), we see that the Greedy Bandit performs very poorly (achieving linear
regret), but Greedy-First is the clear frontrunner. This is because the greedy algorithm succeeds a
significant fraction of the time (Theorem, but fails on other instances. Thus, always following the
greedy algorithm yields poor performance, but a standard bandit algorithm like the OLS Bandit
explores unnecessarily in the instances where a greedy algorithm would have sufficed. Greedy-First
leverages this observation by only exploring (switching to OLS Bandit) when the greedy algorithm
has likely failed, thereby outperforming both Greedy Bandit and OLS Bandit. Thus, Greedy-First
provides a desirable compromise between avoiding exploration and learning the true policy.

Logistic Reward. We now move beyond linear rewards and explore how the performance of
Greedy Bandit (Algorithm compares to other bandit algorithms for GLM rewards when covariate
diversity holds. We compare to the state-of-the-art GLM-UCB algorithm (Filippi et al. 2010,
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Figure 2 Expected regret of all algorithms on synthetic data in four different regimes for the covariate diversity

condition and whether OFUL and TS are provided with correct or incorrect information on true prior

distribution of the parameters. Out of 1000 runs of each simulation Greedy-First never switched in (a)

and (b) and switched only 69 times in (c) and 139 times in (d).

which is designed to handle GLM reward functions unlike the bandit algorithms from the previous

section. Our reward is logistic, i.e, Y;; =1 with probability 1/[1+exp(—X,’ 3;)] and is 0 otherwise.

We again consider Bayes regret over randomly-generated arm parameters. For each scenario, we

generate 10 problem instances (due to the computational burden of solving a maximum likelihood

estimation step in each iteration) and sample the true arm parameters {3;}X, independently. At

each time step within each instance, new context vectors are drawn i.i.d. from a fixed context

distribution px. We then plot the average Bayes regret across all these instances, along with the

95% confidence interval, as a function of time ¢ with a horizon length T' = 2,000. Once again, we
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sample the context vectors from a truncated Gaussian distribution, i.e., 0.5 x N(0,4,1,;) truncated
to have £, norm at most x,... Note that this context distribution satisfies covariate diversity. We
take K =2, and we sample the arm parameters {f;} independently from N(04,I;). We consider
two different scenarios for d and ... In the first scenario, we take d = 3, x .« = 1; in the second

scenario, we take d =10, z,.« = 5.

Regret(t)
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1
5

/7,
/
)
‘//——/_,—/

L L L L L L L . L ‘ L . L . L . L L L '
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(a) d= 3, Tmax = 1 (b) d= 107 Tmax = )

Figure 3 Expected regret of GLM-GB and GLM-UCB on synthetic data for logistic reward

Results: Figure [3] shows the cumulative Bayes regret of the Greedy Bandit and GLM-UCB
algorithms for the two different scenarios discussed above. As is evident from these results, the
Greedy Bandit far outperforms GLM-UCB. We suspect that this is due to the conservative con-
struction of confidence sets in GLM-UCB, particularly for large values of d and x,... In par-
ticular, the radius of the confidence set in GLM-UCB is proportional to (inf,cc u/(z))~' where
C ={2]| 2z € [~ ZmaxDmaxs Tmaxbmax) |- Hence, the radius of the confidence set scales as exp(Zmaxbmax)s
which is exponentially large in x,,.,. This can be seen from the difference in Figure |3| (a) and (b);
in (b),Zmax is much larger, causing GLM-UCB’s performance to severely degrade. Although the
same quantity appears in the theoretical analysis of Greedy Bandit for GLM (Proposition , the
empirical performance of Greedy Bandit appears much better.

Additional Simulations. We explore the performance of Greedy Bandit as a function of K
and d; we find that the performance of Greedy Bandit improves dramatically as the dimension
d increases, while it degrades with the number of arms K (as predicted by Proposition . We
also study the dependence of the performance of Greedy-First on the input parameters ¢, (which

determines when to switch) and h, ¢ (which are inputs to OLS Bandit after switching); we find that
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the performance of Greedy-First is quite robust to the choice of inputs. Note that Greedy Bandit

is entirely parameter-free. These simulations can be found in Appendix [G]

5.2. Simulations on Real Datasets

We now explore the performance of Greedy and Greedy-First with respect to competing algorithms
on real datasets. As mentioned earlier, Bietti et al.| (2018) performed an extensive empirical study of
contextual bandit algorithms on 524 datasets that are publicly available on the OpenML platform,
and found that the greedy algorithm outperforms a wide range of bandit algorithms in cumulative
regret on more that 400 datasets. We take a closer look at 3 healthcare-focused datasets ((a) EEG,
(b) Eye Movement, and (c) (Cardiotocography) among these. We also study the (d) warfarin dosing
dataset (Consortium|2009), a publicly available patient dataset that was used by Bastani and
Bayati (2020)) for analyzing contextual bandit algorithms.

Setup: These datasets all involve classification tasks using patient features. Accordingly, we take
the number of decisions K to be the number of classes, and consider a binary reward (1 if we
output the correct class, and 0 otherwise). The dimension of the features for datasets (a)-(d) is 14,
27, 35 and 93 respectively; similarly, the number of arms is 2, 3, 3, and 3 respectively.

REMARK 6. Note that we are now evaluating regret rather than Bayes regret. This is because our
arm parameters are given by the true data, and are not simulated from a known prior distribution.

We compare to the same algorithms as in the previous section, i.e., OFUL, prior-dependent TS,
prior-free TS, and OLS Bandit. As an additional benchmark, we also include an oracle policy,
which uses the best linear model trained on all the data in hindsight; thus, one cannot perform
better than the oracle policy using linear models on these datasets.

Results: In Figure {4l we plot the regret (averaged over 100 trials with randomly permuted
patients) as a function of the number of patients seen so far, along with the 95% confidence inter-
vals. First, in both datasets (a) and (b), we observe that Greedy Bandit and Greedy-First perform
the best; Greedy-First recognizes that the greedy algorithm is converging and does not switch to an
exploration-based strategy. In dataset (c¢), the Greedy Bandit gets “stuck” and does not converge
to the optimal policy on average. Here, Greedy-First performs the best, followed closely by the
OLS Bandit. This result is similar to our results in Fig (c-d), but in this case, exploration appears
to be necessary in nearly all instances, explaining the extremely close performance of Greedy-First
and OLS Bandit. Finally, in dataset (d), we see that the Greedy Bandit performs the best, followed
by Greedy-First. An interesting feature of this dataset is that one arm (high dose) is optimal for a
very small number of patients; thus, dropping this arm entirely leads to better performance over a
short horizon than attempting to learn its parameter. In this case, Greedy Bandit is not converging
to the optimal policy since it never assigns any patient the high dose. However, Greedy-First recog-

nizes that the high-dose arm is not getting sufficient samples and switches to an exploration-based
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Figure 4 Expected regret of all algorithms on four real healthcare datasets.

algorithm. As a result, Greedy-First performs worse than the Greedy Bandit. However, if the hori-
zon were to be extende(ﬂ, Greedy-First and the other bandit algorithms would eventually overtake
the Greedy Bandit. Alternatively, for non-binary reward functions (e.g., when cost of a mistake for
high-dose patients is larger than for other patients) Greedy Bandit would perform poorly.
Looking at these results as a whole, we see that Greedy-First is a robust frontrunner. When
exploration is unnecessary, it matches the performance of the Greedy Bandit; when exploration is

necessary, it matches or outperforms competing bandit algorithms.

3 Our horizon is limited by the number of patients available in the dataset.
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6. Conclusions and Discussions

We prove that a greedy algorithm can be rate optimal in cumulative regret for a two-armed contex-
tual bandit as long as the contexts satisfy covariate diversity. Greedy algorithms are significantly
preferable when exploration is costly (e.g., result in lost customers for online advertising or A/B
testing) or unethical (e.g., personalized medicine or clinical trials). Furthermore, the greedy algo-
rithm is entirely parameter-free, which makes it desirable in settings where tuning is difficult or
where there is limited knowledge of problem parameters. Despite its simplicity, we provide empirical
evidence that the greedy algorithm can outperform standard contextual bandit algorithms when
the contexts satisfy covariate diversity. Even when the contexts do not satisfy covariate diversity,
we prove that a greedy algorithm is rate optimal with some probability, and provide lower bounds
on this probability. However, in many scenarios, the decision-makers may not know whether their
problem instance is amenable to a greedy approach, and may still wish to ensure that their algo-
rithm provably converges to the correct policy. In this case, the decision-maker may under-explore
by using a greedy algorithm, while a standard bandit algorithm may over-explore (since the greedy
algorithm converges to the correct policy with some probability in general). Consequently, we pro-
pose the Greedy-First algorithm, which follows a greedy policy in the beginning and only performs
exploration when the observed data indicate that exploration is necessary. Greedy-First is rate
optimal without the covariate diversity assumption. More importantly, it remains exploration-free
when covariate diversity is satisfied, and may provably reduce exploration even when covariate
diversity is not satisfied. Our empirical results suggest that Greedy-First outperforms standard
bandit algorithms (e.g., UCB, Thompson Sampling, and e-greedy methods) by striking a balance

between avoiding exploration and converging to the correct policy.
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Appendix A: Properties of Covariate Diversity

LEMMA [ If there exists a set W C R® that satisfies conditions (a), (b), and (c) given below, then px
satisfies Assumption [3.

(a) W is symmetric around the origin; i.e., if x € W then —x € W.

(b) There exist positive constants a,b € R such that for allx e W, a-px(—x) <b-px(x).

(¢) There exists a positive constant X such that [, xx"px(x)dx = X1 . For discrete distributions, the

integral is replaced with a sum.

Proof of Lemmal[dl  Since for all u € R? at least one of x"u>0 or —x"u >0 holds, and using conditions
(a), (b), and (c) of Lemmall] we have:

/xxTH(XTu > 0)px (x)dx > / xx ' I(x"u>0)px(x)dx

w

N | =

/W xx " []I(xTu >0)px (x) +I(—x"u> O)px(—x)} dx

tl/ xx " [H(XTUZO)-I-gH(XTUSO)}px(X)dX
2 Jw b
ti/ xx | px(x)dx
b Jw
a\
ey
T Iq

Here, the first inequality follows from the fact that xx' is positive semi-definite, the first equality follows
from condition (a) and a change of variable (x — —x), the second inequality is by condition (b), the third
inequality uses a <b which follows from condition (b), and the last inequality uses condition (¢). O

We now state the proofs of lemmas that were used in

LEMMA 2 For any R>0 we have [, xx"dx= [%VO](B%)] I,.
R

Proof of Lemma[d  First note that B, is symmetric with respect to each axis, therefore the off-diagonal

entries in de xx'dx are zero. In particular, the (i,7) entry of the integral is equal to de x;x;dx which is
R R

zero when ¢ # j using a change of variable x; — —x; that has the identity as its Jacobian and keeps the

domain of integral unchanged but changes the sign of z;z;. Also, by symmetry, all diagonal entry terms are

/ xx'dx = </ xfdx) 1. (13)
B% B¢

Now for computing the right hand side integral, we introduce the spherical coordinate system as

equal. In other words,

x1 =rcosby,

To =1sinf; cosbsy,

Ty_1 =rsinfysinfy...sinf,;_>cosf,_1,

Tg=rsinf;sinf,...sinfy;_osinf,;_q,
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and the determinant of its Jacobian is given by

det J(T, 0) =det |:aaz;:| = Td_l Sind72 91 Sind73 92 ...sin 0d72-
T

Now, using symmetry, and summing up equation with 22 used instead of x? for all i € [d], we obtain

',

xdex:/ (x? +ai+... —l—xi) dzidzy...dzg
BR

d
R

d
R
= / / r¥*1gin®20,sin? 36, ...8in6,_odrd;...d0, ;.
61,...,04_1 Jr=0
Comparing this to

R
vol(B%) = / / r¥1sin? 20, sin* 36, ...sin0,;_odrdb;...do,;_;,
6 641 Jr=0

sees0g—

J

we obtain that

foR rétldy

ol Bd
dfORT’dfldT ( R)

xx ' dx = [ 1,

d
R

R2
[d " 2VO](B§):| 1.
|

LEMMA 7. The following inequality holds

XXTpX,t7'unc<X)dX t )\uniId )

Tmax

2 2
— 1 Tmax Tmax d
where Ay, = anaresarE OXp ( 2Am;n(2)> G vol(BY ).

Proof of Lemma[] We can lower-bound the density px t;unc by the uniform density as follows. Note that

we have x" X7 1x < ||x[|2 A max (X71) and as a result for any x satisfying ||x||2 < Zmax we have

1 1 o, exp (—gﬁ,ﬁi‘j‘z‘z))
Px trunc(X) > px (%) = W exp <—2X by X> 2 W = Px,uniform-1b -

Using this we can derive a lower bound on the desired covariance as following

/ XXTpX,trunc (X)dX t / XXTpX,uniform—lb (X)dX
B Bd

Tmax Tmax

_ 1 x?nax / Td
0232 P\ (™) ) S T

Tmax

1 e Ifnax z?nax Ol(Bd )I
= ———5CXp| — v
@m22[z)iz TP\ Tox () ) d 270 e

= )\uniId 9

where we used Lemma [2|in the third line. This concludes the proof. [
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Appendix B: Useful Concentration Results

LEMMA 8 (Bernstein Concentration). Let {D,,H,};2, be a martingale difference sequence, and let

D, be o-subgaussian. Then, for all t >0 we have

152 Dy

Proof of Lemma[8  See Theorem 2.3 of Wainwright| (2019) and let b, =0 and v, =0y, for all k. [

LEMMA 9 (Theorem 3.1 of Tropp| (2011)). Let Hi C Ho--- be a filtration and consider a finite
sequence { Xy} of positive semi-definite matrices with dimension d adapted to this filtration. Suppose that
Amax(Xx) < R almost surely. Define the series Y =%, X and W =", E[X}, | Hy_1]. Then for all p1>0,v €
[0,1) we have:

o= u/R
P Din(Y) £ (1= and Aun(W) 24 < ()

Appendix C: Proof of Theorem
We first prove a lemma on the instantaneous regret of the Greedy Bandit using a standard peeling argument.
The proof is adapted from Bastani and Bayati (2020)) with a few modifications.

Notation. We define the following events to simplify notation. For any A, x > 0, let

]-'2t = {)\min (X(Siyt)TX(Siyt)) > )\t} (14)
2= {1880 = Bl < x} - (15)
LEMMA [6] The instantaneous expected regret of the Greedy Bandit at time t > 2 satisfies

4K —1)CoCa2,, (logd)3/? 1

max

<
r(m < Cs t—1

where Cy = \2/(32do?2? ), Cy is defined in A&sumption@ and C' is defined in Theorem .

max

+4(K — 1)bmaxTmax (m:ax[?[f:‘fﬁ]) ,

Proof of Lemma[@ We can decompose the regret as r,(m) = E[Regret,(m)] = 31, E[Regret, () | X, €
R:]-P(X; €R;). Now we can expand each term as

E[Regret,(n) | X, € R} =E [ X, (8 — Br,) | X, €RY] .

For each 1 <i,l < K satisfying i # [, let us define the region where arm ¢ is superior over arm [

Rizz,t = {X €EX: XTB(SMA) > XTB(Sl,tfl)} .

Note that we may incur a nonzero regret if X, 3(Sy, —1) > X, 3(S11—1) or if X B(Sy,1-1) = X, B(Si_1)
and the tie-breaking random variable W, indicates an action other than [ as the action to be taken. It is
worth mentioning that in the case X, 3(Sy,+—1) = X,  3(Si+—1) we do not incur any regret if W, indicates

arm [ as the action to be taken. Nevertheless, as regret is a non-negative quantity, we can write

E[Regret,(r) | X, € Ra) < B [I(X] B8y 1-1) 2 X[ B(S1e-1)) X (5= B) | Xe € R

< S E[IXT A(Sia1) 2 X B(Su )X (B - ) | Xe € R)|
i#l



Author: Ezploration-Free Contextual Bandits
40 Article submitted to ; manuscript no. (Please, provide the mansucript number!)

= E[IX € Rizt) X[ (5= i) | X, € R
£l

<y {E [I(Risres P4 FNIDXT (B - ) | Ko € Ri|
il

+E []I(Xt € Risies F/ DX (B, — B.) | X, eRl}

+ B [I(X, € Rzt o DX] (5= B) | Xu € Ry }

<X {B 10 € R R DX (- 5 X, € R
il
+ Wy (PN +PFND) }
<Y E[I0X € Rt B DX (8- B) | Xe € R
i#£l
+4(K — 1)bmaxTmax mzale’(f:fﬁ) (16)

where in the second line we used a union bound, in the sixth line we used the fact that F; A,‘f/ 1 and F, At” /1 are

independent of the event X, € R; which only depends on X;, and also a Cauchy-Schwarz inequality showing
X, (B, — Bi) € 2bmaxTmax- Therefore, we need to bound the first term in above. Fix i and note that when we
include events F, Af Yt and F, Xf /%, we can use Lemma [5| which proves sharp concentrations for 4(S;,_1) and

B(Si,t,l). Let us now define the following set
={xcX:x" (B —Bi) € (262 maxh, 20T max (R + 1)]},

where § = 1/4/(t — 1)C3. Note that since X," (3, — 3;) is bounded above by 2b,,,Tmax, the set I™ only needs to
be defined for h < h™@* = [y, /0]. We can now expand the first term in Equation for i, by conditioning

on X, € I" as following

E[1(X, € Rizee, X4 0 DX (B 8) | X € Ry
hmax
-YE []I(Xt € Risie, F/ 8 FX/YXT (B — B) | X € RN Ih} P[X, € I"]
hmax
<3 2+ DB [I(X, € Res o 24 FN/) | X, € ROV BX, € 1
h=0
hmax
< 202man(h+1)E []I(Xt € Risi, Fp/4 FN/Y | X, € RN Ih] PIX, (8, — ) € (0,20@max (R +1)]]
h=0
hmax
< Z 4C00%02, (A +1)?P [ X, € Risr, Fot/ L FNY | X € RN T (17)

where in the first inequality we used the fact that conditioning on X, € I, X, (8, — 8;) is bounded above
by 20Zmax(h + 1), in the second inequality we used the fact that the event X, € I™ is a subset of the
event X," (B8, — Bi) € (0,202 max(h + 1)], and in the last inequality we used the margin condition given in
Assumption |2, Now we reach to the final part of the proof, where conditioning on F, Af / ?, ]::‘f / Ai, and X, cI"

we want to bound the probability that we pull a wrong arm. Note that conditioning on X, € I, the event
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X, (B(Si,t,l) —B(Sl,t,l)) > 0 happens only when at least one of the following two events: i) X, (8, —
B(SZ,t—l)) > 0&maxh or ii) X;(B(Si,t,l) — Bi) 2 0Zmaxh happens. This is true according to
0< X/ (B(Sii1) = B(Su-1)
= X:(B(Si,t,l) —B)+X (B —B)+ X, (B — B(Sz,tq))
<X, (B(Sii1) — Bi) = 20T march + X, (B — B(Sii1)) -
Therefore,
P [ (X, € Rimie, FrO/4 FRAY | X, € R, mh}
<SP[X] (B = B(Si1)) > 0mach, Fi/ 4 F/Y | X, € R, mh]
‘*‘P[X:(/B( it-1) —
<P X/ (B~ A(Sui)

B) > 6 maxh, ol L F N/ X € R mh}
) > 62 maxh, Fit/t | X, € R, mh}

+P [Xj(B(Si,t,l) By) > Smaxh, FO/4 | X, € Ry N Ih}

<P 15— Sl 2 00 R X € RN+ P [I5(Si00) = Bl 2 80 F | Xo RN, (18)

where in the third line we used P(A, B | C) < P(A| C), in the fourth line we used Cauchy-Schwarz inequality.

Now using the notation described in Equation this can be rewritten as
IP|: ?,?—1’ l)\tO/zilXtEleIh}—i_PI: it—1> zA?/Ai|XtGlelh:|

_]PJ{ lit— h]—"ﬁ?fﬂ-}]}”[ i,t— 1,.7:?1%}

<Adexp (—C5(t—1)(6h)?)
=4dexp(—h?),

in the fifth line we used the fact that both R; and I"* only depend on X, which is independent of B (Sgi-1)
for all ¢, and in the sixth line we used Lemma [5] We can also bound this probability by 1, which is better

than 4d exp(—h?) for small values of h. Hence, using >_;*, P[R,] =1 we can write the regret as

E[Regret, ()] = Y E[Regret,(r) | X, € R,]-P(X, € Ry)

=1

K hmax
<> (Z > [4Co6%a2, . (h+ 1)* min{1,4d exp(—h*)}] + 4(K — 1)bmax@max maxp(fjg/‘i)> P(X, €R))

1=1 \i#l h=0

h=0

hmax
<4(K —1)Cod%22,,, (Z(h+ 1)2min{1,4dexp(h2)}> + 4(K — 1)bmax Tmax max P(F,0/7)

ho pmax
<4(K-1) (CO52 ax <Z(h+ 1)+ Z 4d(h + 1)26Xp(h2)> + bmaxTmax m?XP(‘Fi),\f/i)> ) (19)

h=0 h=ho+1
where we take hg = |v/log4d] + 1. Note that functions f(z) = 2% exp(—2?) and g(x) = xexp(—2z?) are both

decreasing for > 1 and therefore

pmax pmax

> (h+1)?exp(—h*) = Y (h®+2h+1)exp(—h?)

h=ho+1 h=hgo+1
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pmax pmax pmax

= Z h? exp(—h?) +2 Z hexp(—h?) + Z exp(—h?)

h=ho+1 h=ho+1 h=ho+1
S/ h2exp(—h2)dh+/ 2hexp(—h2)dh+/ exp(—h?)dh. (20)
ho ho ho

Computing the above terms using integration by parts and using the inequality ftoo exp(—z?)dz <

exp(—t2)/(t + /12 +4/7) yields

ho I
D (h+1)P4dd Y (ht 1) exp(—h?)
h—0 h=ho+1
1 2)(2
_ (ho+ )(hog J@ho+3) | 4(ohy +7) exp(—hd)

€
4d

(iogta 1)+ (Viog 1)+ & (g 1) + 2

3 13
hy + §h§ + Fho +1+d(2ho+7)

7 3 67
(logd)®? + 5 logd + E(logd)lﬂ +

< (log oi)S/2 (( + ;(log d)=%5 + ?(logd)’1 + %(log d)1'5>

where C' is defined as ([4)). By replacing this in and substituting § =1/4/(t — 1)C3 we get
4(K —1)CoCx2,, (logd)®? 1

max

Cs t—1

ri(m) = E[Regret, (m)] < +4(K — DbmaxTmax (maxP[fi?fi])

as desired. O
Having this lemma proved, it is now fairly straightforward to prove Theorem

Proof of Theorem [l The expected cumulative regret is the sum of expected regret for times up to time
T. As the regret term at time ¢ =1 is upper bounded by 22 ,.xbmax and as K = 2, by using Lemma [4] and

Lemma [l we can write

Ry (m) = Z 7 ()

T _
4C,Cz2, (logd)®/? 1
S meaxbmax + tz:; |: C3 -1 + 4bmaxxmaxdexp(_cl (t - 1))
T-1 =
4C Oz, (logd)®/? 1
= meaxbmax + tZ:; |: C3 ; + 4bmaxxmaxdexp(_clt)
4C,Cx2,, (logd)3/? 1 e
< %+ L0 Tmax 108D / ~dt) + Abgmax Tmaxd / exp(—Cyt)dt
Cs Lt 1
40061562 (log d)3/2 4bmaxxmaxd
= 2 maxbmax mes 1 1 T -5
T s (14+1logT)+ 2
12 ~ .4 2 1 3/2 12 ~ .4 2 1 3/2 1 3
_ 800033max‘27 d(logd) log T+ ( 22mmsbuns + SCOC.Z‘maX(;' d(logd) n 60b1max T30 d
)\0 )\0 )\O
=0(logT),

finishing up the proof. O
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Appendix D: General margin condition and nonlinear rewards
D.1. Proof of Corollary

We now analyze the regret of Greedy Bandit for more general values of the margin condition parameter «
satisfied by the context probability density px (recall Definition [2]in .

Proof of Corollary[1. This corollary is easily implied from Lemma [f] and Theorem [I] with a very slight
modification. Note that all the arguments in Lemma [6] hold and the only difference is where we want to

bound the probability P[X, € I""] in Equation . In this Equation, if we use the a-margin bound as
IP[X: (5l - /81) S (07 26$max(h + 1)]] S C (25xmax(h + 1))04 9

we obtain that

7

E[I(X, € Rizyn Fog/4, FX/DXT (B B) | X € Ry

< Y- 2tecattealin (bt 1)+ P[X, € Rz P L FN X e RN T,

max
h=0

which turns the regret bound in Equation into

ho pmax
ro(m) < (K —1) [021+a51+ax;g§(2(h +OFe ST dd(h4 1) exp(—h2))] (21)
h=0 h=hgo+1

+ 40K — DbmaxTmax max P(FY_, ),

Now we claim that the above summation has an upper bound that only depends on d and «. If we prove this
claim, the dependency of the regret bound with respect to t can only come from the term §'** and therefore
we can prove the desired asymptotic bounds. For proving this claim, consider the summation above and let
hy = [V/3+a]. Recall from the proof of Lemma |§| that for h > ho + 1 we have 4dexp(—h?) < 1. Hence, for
each h > hy = max(hg,hy) using h? > (3+ a)h > (3 + ) logh we have

21+a

(h+ 1) T exp(—h?) < (2h)' T exp(—h?) < 2T exp(—h* + (1 +a)logh) < TP

Furthermore, all the terms corresponding to h < hy = max(hg, h;) are upper bounded by (h+1)'*. There-
fore, the summation in is bounded above by

ho pmax ho

& 21+a
14+« 1+« 2 14+a
STh+ned ST dd(h+ 1) exp(—h?) <Y (b 1)+ > 4d e
h=0 h=ho+1 h=0 h=hy+1
22+aﬂ.2
<(1+hy)* ™™ +d =g(d,a)

for some function g. This is true according to the fact that h, is the maximum of hg, that only depends on
d, and hy that only depends on a. In above we also used the well-known identity that Y ;- 1/h* =x2/6.
Now replacing § =1/+/(t — 1)C3 in the Equation and putting together all the constants we reach to

() < (K = 1)g1(d,0, G, B, 75 20) (£ = 1) 702 4 40K = 1)bynimas (max PIEY])

for some function g;.
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The last part of the proof is summing up the instantaneous regret terms for t =1,2,...,7. Note that
K =2, and using Lemma [4| for i = 1,2, we can bound the probabilities P[F;?_,] by dexp(—Ci(t —1)) and

therefore

T
RT (7T) S meaxbmax + Z g1 (da a, 07 Tmax, 0, )\0)(t - 1)_(1+Q)/2 + 4bmaxxmaxdexp(_cl (t - 1))
t=2
T—-1

S meaxbmax + Z gl (da a, C, Tmax, 0, )\O)t_(1+a)/2 + 4bmaxxmaxdexp(_clt)

t=1

T
S meaxbmax +gl (d,O&,C, Tmax, 0, )‘0) |:1 + (/
t

=1

t‘“*‘*)/thﬂ + 4dbax Trmax / exp(—Cyt)dt
0

4bmaxxmaxd

T
= 2;vmaxbmax—|—gl(d7a70, Tmaxy T, )\0) |:]. + (/ t_(1+a)/2dt>:| +
t=1 C(1

Now note that the integral of t~(1+2)/2 over the interval [1, 7] satisfies

T(i-a)/2

T T a)/3 if0<a<1l,
/ t—1He)/2 < logT ifa=1,
=1 ﬁ 1f0é>].7

which yields the desired result. [
D.2. Proof of Proposition

Uniqueness of solution of Equation . We first prove that the solution to maximum likelihood equation
in Equation is unique whenever the design matrix XX is positive definite. The first order optimality
condition in Equation @ implies that

er (ve-a(x7 ) = er (V- u(x; 8)) =0 (22)
Now suppose that there are two solutions to the above equation, namely Bl and BQ. Then, we can write
ZXz ( (X B1)— (X;/%)) =
Using the mean-value theorem, for each 1 <i <n we have
X Be) = (X By) = 1 (X7 Bo) (X7 (B2 = )
where 5@ belongs to the line connecting Bl, Bg. Replacing this in above equation implies that
ZXZ( (X[ B0) (X7 (B2 =) ) = (iu'(x; B)XeX] ) (B2 Br) =o0. (23)
=1
Note that p is strictly increasing meaning that p' is always positive. Therefore, letting m =
ming <<, {,u’(XZTBg)}, we have that

Z W (X[ B) X, X, = mXXT.
=1

Therefore, if the design matrix XX is positive definite, so is >_,_; 1 (X B,)X,X] . Hence, Equation
implies that Bl = 32.
Proof of Proposition [1} We first state and prove the following lemma:
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LEMMA 10. Consider the generalized linear model with the inverse link function u. Suppose that we have
samples (X1,Y1),(X2,Y2),...,(X,,,Y,), where Y; = u(X," Bo) + €:, where || Xill2 < Zmax and ||Boll2 < bmax-
Furthermore, assume that the design matric X' X =3""_ X, X." is positive definite. Let B = h,(X,Y) be
the (unique) solution to the Equation and let 6 be an arbitrary positive number. Recall that my :=
min {/(2) : 2 € [ (0 + bmax) Tmaxs (0 + bmax)Tmax] } and suppose ||(XTX) "1 X T¢l|y < Omy, then

16— Bollp < 1 X)Xl

me
The proof of Lemma is adapted from [Chen et al.| (1999). We use the following lemma from their paper:

LEMMA 11 (Chen et al.|[1999). Let H be a smooth injection from R? to R* with H(xq) =Yyq. Define
Bs(xo) = {x € R*: |[x —xo[| < 0} and Ss5(x0) = 9Bs(xo) = {x € R*: ||x —xo[| = 0}. Then, infxes,xy) [|1H(x) —
voll > r implies that

(i) B.(yo) ={y €R*: [ly = yo| <7} C H(Bs(x0)),

(i) H™'(B,(yo)) C Bs(x0)

Proof of Lemma[T0, Note that j is the solution to the Equation and therefore

S (WX )~ (X[ 50) X = Keew (24)

=1

Using the mean-value theorem for any 8 € R¢ and 1 <i <n we have
(X" B) — (X[ Bo) = ' (X B) (X (B—Bo)) ,

where (! is a point that lies on the line segment between 3 and Sy. Define

G(B) = (Z X X7 ) (Z (X B) = u(X] Bo)) Xz-)
_ (Z MI) (Z W (X7 B (XT (8~ o) x,.)

= (ZXzXzT> (ZN,(X:B:)X1X1T> (B*BO)

i=1

-1

As /(-) > 0, G(B) is an injection from R? to R? satisfying G(Bp) = 0. Consider the sets By(5o) =
{BER:||B—Boll2 <0} and Se(Bo) = {B€R:||B—Lol|=0}. If B € By(Bo), for each 7, 5] lies on the line
segment between 8 and [y and therefore we have | X, 8] < max (X" B0, X;' 8) < Tmax(bmax + 6) according to
the Cauchy-Schwarz inequality. Then for each 8 € By (o)

IGBII5 = IG(B) = G(Bo)ll3

=(B—B0)" (Z (X8 XXT) (ZX XT) (fju/(XJﬂDXiXJ ) (B —Po)
=mg (8- Bo) <Z“ XXT) <ZX1-XI> (Z“ XXT> (8- Bo)
>mg(B—Bo)T (ZX XT) <ZX1-XI ) <anXiXJ ) (8- Bo)

=m; [(8 — Bo)ll3, (25)

-2
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or in other words ||G(8)||2 > |18 = Bol|l2me. In particular, for any 8 € Sy(fy) we have G(8) > Omy. Therefore,
letting v = #my, Lemma [11| implies that G= (B, (0)) C By(8,). Note that if we let z= (XTX) ' X Te, then
by the assumption of lemma z € B, (0) and hence there exists 3, |3 — 8o < 0 satistying G~'(z) = 3, i.e.,
G(B) =z. Now we claim that 3= 3. The is not very difficult to prove. In particular, according to Equation
(24) we know that

n

> (w(X] B) = u(X] Bo)) X = zn: X,e, = G(B) = (i Xp(j) (i Xigi> —z.

i=1 i=1 i=1
Since the function G() is injective, it implies that B=p. As aresult, B € By(By) and G(B) = z. The desired
inequality follows according to Equation . O

Now, we can prove the following corollary to Lemma [5| for generalized linear models.

COROLLARY 4. Consider rewards given by a generalized linear model with link function p. Suppose that
the noise terms e;, =Y, — p(X,' ;) are o-subgaussian for some o > 0. Let B(Si.) = h, (X(S:+), Y (Si)) be
the estimated parameter of arm i. Taking Co = \?/(2do?z2 ) and n >|S;,|, we have for all A\,x >0,

max

PI3(Si) ~ Bill = and Awin (S(S00)) 2 M| < 2dexp (~Cat*(xmy)?/n)

Proof of Corollary[f. Note that if the design matrix 3(S;,) = X(S,,) X (S;,) is positive definite, then
the event {||B(S”) —Bill2> X} is the subset of the event

{128,071 X(S:) eS| = xm, |
To show this, suppose the contrary is true, i.e., we have HB(S”) —Bill2 > x while [|2(S;.) " X(S:.0) Te(Sit)|2 <

xm,. Then, applying Lemma [11| with § = x implies that

18S.0) — Bill, < G XL eGuillz xmy_

My

which is a contradiction. Therefore,

P 1860 = Billo = x and A (5(Si)) 2 M| < P[I5(S00) 7 X(810) Te(S00)ll2 = xmy, and Ain (£(5:0)) 2 M|

<2dexp (—Cth(XmX)Q/n) ,

where the last inequality follows from Lemma ([

Now, we prove a lemma following the same lines of idea as Lemma[6] but for generalized linear models.

LEMMA 12. Recall that F)\, = {Amin (X(S;0) "X (S;1)) > At}. Suppose that Assumptions |1 and @ hold.
Then, the instantaneous expected regret of the Greedy Bandit for GLMs (Algom'thm@) at time t > 2 satisfies

4(K—-1)L o = 1 7
( ) 5000uxmax - ; +4(K _ 1)bmax-rmax (maxp[fzgz‘ﬂ) ,
3 — 1

ri(m) <

where C3 = A2 /(32do?z?

max

), Co is defined in Assumption@ L, is the Lipschitz constant of the function u(-)

on the interval [—Tmaxbmaxs Tmaxbmax], and C, is defined in Proposition .
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Proof of Lemma[I3 The proof is very similar to the proof of Lemma[6] We can decompose the regret as
r(m) = E[Regret, (7)) = Y-, E[Regret, () | X, € R,] - P(X, € R;). Now we can expand each term as

E[Regret,(m) | X, € R} =E [ (X, B) — (X Br,) | Xi € R

<LE[X[(B—B:) | X €R],

as p is L, Lipschitz over the interval [—Zmaxbmax: Tmaxbmax] and X' 8; € [~Zmaxbmaxs Tmaxbmax] for all j €
[K]. Now one can follow all the arguments in Lemma@ up to the point that we use concentration results for

B; — B]—. In particular, Equation reads as

P 10X, € Risve, ot L PN | Xo € RiNT]

7

<P (18— BSue-1)lle = 00, FH | X € RiN I | 4P [1B(Sii1) = Billa = 60, P/} | X e Rin ).

Using the concentration result on Corollary [4) and noting that X, is independent of 3(8j,t,1) for all j, the

right hand side of above equation turns into
P18 = B(Si-1)llo 2 60 Fot/3] + P [I1B(Sie1) = Billa = oh, F23/1]
<Adexp (—C5(t —1)(6h)*m3,)
= 4dexp(—h*m3,).
Now note that dh is at most equal t0 byay (since x' (3; — 3;) is upper bounded by 2Zmaxbmax). As my :=

min {¢/(2) : 2 € [~ (bmax + 0)Tmaxs (Dmax + 0)Tmax]}, therefore if 5 > 61, then my, < my, . Hence, for all values
of 0 <h < hmax.

4dexp(—h?m3,) < 4dexp(7h2mfmx)-

We can simply use 1 whenever this number is larger than one as this describes a probability term. Therefore,

K
E[Regret, ()] < LE[X] (8 — B.)| X: € R/] -P(X, €R))
=
<> L, ( [4Co0%22,, (h+1)? min{1,ddexp(—h>m? )} +4(K — 1)bmaxLmax max P(F, 0/ ‘i)) P(X, € Ry)
il

e
<A(K —1)L,Cod*zy,, <Z (h+1)*min{1, 4deXp(—h2mf,,,ax)}> +4(K = 1)bmaxTmax max P(F,/7)

h=0

ho pmax
S4(K 1)L, <Co52xfnax (Z(’H D+ dd(h+ 1)Qexp(—h2mi,,ax)> + DmaxTmax maXMEf?ﬁ)) 7

h=0 h=ho+1

where we take ho = | /- lbOgMJ + 1. Note that functions f(z) =2?exp(—m; _2?) and g(z) = zexp(—m; _z?)

max

are both decreasing for x >1/m,, . and therefore

pmax

Z (h—|—1)2exp(—h2m§mx)§/ hzexp(—thimx)dh—f—/ 2hexp(—h2mfmx)dh+/ exp(—h2mfmx)dh.
h h

h=ho+1 ho 0 0
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Using the change of variable h' = m,,  h, integration by parts, and the inequality [ exp(—a?)dz <

exp(—t?)/(t + /t> +4/7), we obtain that

pmax

Z(h+1) +4d Y (h+1)%exp(—h?)

h=0 h=hg+1
USSR O X3 IR [P
%h+ h2 + 3h0+1+4d<h°mb5;:j‘1*+ %m 2m1m>41d
() (S ()
s () ™) o o =G

By replacing this in the regret equation above and substituting 6 =1/4/(t — 1)C3 we get

ry(r) = E[Regret, (r)] < 2= 1)LCC°C ”Wt ! -+ 4K = 1) Lybmas (maxp[f;gﬁ‘ﬂ)
3 —_— 1

as desired. O
The only other result that we need is an upper bound on the probability terms IP’[}':?[ %] We can re-

use Lemma W for this purpose, since the greedy decision does not change, i.e., argmax;er) ' (X, 3;) =
argmax;e(rx] X, f;- Thus, the minimum eigenvalue of each of the covariance matrices is bounded below by
tAo/4 with high probability as before. We can now finally prove Proposition |1 by summing up the regret
terms up to time 7.

Proof of Proposition[]l The regret term at time ¢ =1 is upper bounded by 2L, Zmaxbmax. Noting that
K =2, we can apply Lemma [f] and Lemma [T2] to write

T
= Zm(ﬂ')
=1
4C00 Tinax 1 :|

T
g 2L/,Lxmaxbmax + Z L,u |:a:;t—1 + 4bmaxxmaxdexp( Cl (t — 1))
t=2

T-1
4
= 2L/,Lxmaxbmax + Z LP« |:CVOCCYmeax t + 4bmaxxmaxdexp( Olt):|
3

t=1

4 T o0

< 2L, tmaxbmax + Ly % (1+ / ) + 4L, bmaxTmasd / exp(—Cyt)dt
3 1 1

40 C 4bmax maxd

= 2L, Zrmaxbmax + L O796"1“(1 +logT) + L, —maxtmax?
Cg Cl
12 2d 12 0%d | 160byax Ty, d
1, ( B0 Ty <2xmaxbmax+ BC0CuT a0 | 1600max i ))
A2 A2 Ao

=0(logT).

g
Appendix E: Additional Details on Greedy-First

We first present the pseudo-code for OLS Bandit and the heuristic for Greedy-First. The OLS Bandit
algorithm was introduced by |Goldenshluger and Zeevi| (2013]) and generalized by [Bastani and Bayati| (2020)).
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Here, we describe the more general version that applies to more than two arms where some arms may be
uniformly sub-optimal. As mentioned earlier, in addition to Assumptions[l]and [2] the regret analysis of the
OLS Bandit requires Assumption[d] The algorithm defines forced-sample sets, which prescribe a set of times

when we forced-sample arm i (regardless of the observed covariates X,):
T = {(2” “1)-Kq+j ‘ ne{0,1,2,..} and j € {q(i—1)+1,q(i — 1) +2,...,iq}} . (26)

Thus, the set of forced samples from arm ¢ up to time ¢ is 7;, = T; N [t] = O(qlogt).

We also define all-sample sets S;, = {t'|m, =i and 1 <t' <t}, where we have played arm i up to time
t. By definition, 7;; C S; ;. The algorithm proceeds as follows. During any forced sampling time ¢t € T;, the
corresponding arm (arm ) is played regardless of the observed covariates X;. At all other times, the algorithm
uses two different arm parametere estimates to make decisions. First, it estimates arm parameters via OLS
applied only to the forced sample set, and discards each arm that is sub-optimal by a margin of at least h/2.
Then, it applies OLS to the all-sample set, and picks the arm with the highest estimated reward among the
remaining arms. Algorithm [ provides the pseudo-code for OLS Bandit.

Algorithm 4 OLS Bandit
Input parameters: ¢,h
Initialize 3(7;0) and B(S;,) by 0 for all ¢ in [K]
Use g to construct force-sample sets 7; using Eq. for all ¢ in [K]
for t € [T] do
Observe X; € Px
if t € 7; for any ¢ then
T 1
else R A
K={ie K | XTA(Ti 1) = maxjex XTB(T, 1) — h/2}
Ty — argmax; g X;TB(Si,t_l)
end if
Sﬂ—t’t — Sﬂt’t,1 U {t}
Play arm 7, observe Y, = X[ B,, + ;4
end for

The pseudo-code for the Heuristic Greedy-First bandit is as follows.

Algorithm 5 Heuristic Greedy-First Bandit
Input parameters: ¢,
Execute Greedy Bandit for ¢ € [to]

Set 5\0 = % minie[K] Amin (E(Si,to)>

to
if Ao #0 then A
Execute Greedy-First Bandit for ¢ € [to + 1,T] with Ay = Ag
else
Execute OLS Bandit for ¢ € [ty + 1,7
end if
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Appendix F: Missing Proofs of and

Proof of Proposition[3 ~ We first start by proving monotonicity results:

e Let 01 < 2. Note that only the second, the third, and the last term of L(~,d,p), defined in Equation
@D, depend on o. As for any positive number Yy, the function exp(—yx/o?) is increasing with respect to o,

second and third terms are increasing with respect to o. Furthermore, the last term can be expressed as

2dexp (=D>(3)(p = mIKsw)) _,, i exp<_/\?h2(1—v)2>.

1- eXp(—Dg (’Y)) t=p—m| K gup| 8d02‘r§1ax

Each term in above sum is increasing with respect to . Therefore, the function L is increasing with respect
to 0. As S8 is one minus the infimum of L taken over the possible parameter space of 7,4, and p, it is
non-increasing with respect to o, yielding the desired result.

e Let m; < my and suppose that we use the superscript L(*) for the function L(-,-,-) when m =m;,i=1,2.
We claim that for all v € (0,1),8 >0, and p > Km; + 1, conditioning on L™ (7,4, p) < 1 we have LY (v, 4,p) >
L@ (v,8,p+ K(my —m;)). Note that the region for which L™ (v,d,p) > 1 does not matter as it leads to a
negative probability of success in the formula S8 =1—inf, 5 , L(7, 4, p), and we can only restrict our attention
to the region for which L™ (v,d,p) < 1. To prove the claim, let §; =P [)\min(XszmiXLmi) > 5} , 1=1,2 and
define f(0) =1— 6% + QK0 for the constant Q =2dexp (—(h?J)/(8do?x2,,.)). Note that f(6;) captures the
first two terms of L(® (v, 4, p) in Equation @D As we later going to replace 8 = 6; we only restrict our attention
to @ > 0. The derivative of f is equal to f'(8) = —K0%~1 + QK which is negative when 65~! > (). Note that
if %1 < Q and if we drop the third, fourth, and fifth term in L (see Equation (9)) that are all positive,
we obtain L& (y,8,p) >1—0% + QK60 >1— 0% 4 Q0 > 1, leaving us in the undesired regime. Therefore, on
the desired regime of study, the derivative is negative and f is decreasing. It is not very difficult to see that
6, < 0,. Returning to our original claim, if we calculate L™ (v, 8, p) — L) (7,6, p+ K (my —my)) it is easy to

observe that the third term cancels out and we end up with

L(l)(’}/vdap) - L(Q)('Yaéap_FK(m? - ml)) = f(el) - f(02)
n exp (—=D1(7)(p — m1|Ksus])) — exp (=D1(7) (p — ma|Kous| + K (mz —my)))
1 —exp(—D1(7))
exp (—Da(7)(p — m1|Kyun|)) — exp (=Da(7) (p — ma|Kous| + K (my —my)))
" T—esp(-Ds(7) 20,

where we used the inequality (p —m1|Kouwl) — (0 — m2|Keus| + K(ma —m1)) = |[Kope|(ma — mq) > 0. This

proves our claim. Note that whenever when p varies in the range [K'm; + 1,00), the quantity p+ K (mqo —my)

covers the range [Kmg + 1,00). Therefore, we can write that

S (my, K, 0, Tmax, M1, h) = 1 — inf LM (y,6,p) <1— inf LM (y,6,p+ K(mg —
(mla y 0y Tmaxy N1, ) 76(0’1)’5122Km1+1 (77 7p)— 76(0,1),;,1;2Km1+1 (,}/a ap+ (mQ ml))
=1- inf L(2)(7767pl):Sgb(m%Kvvamaxv)\lvh)y

~v€(0,1),8,p’ >Kma+1
as desired.
e Let hy < hy. In this case it is very easy to check that the first, fourth and fifth terms in L (see Equation

@D) do not depend on k. Dependency of second and third terms are in the form exp(—Qh?) for some constant
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Q, which is decreasing with respect h. Therefore, if we use the superscript L(® for the function L(-,-,-) when

h=h;,i=1,2, we have that L(Y)(v,6,p) > L (v,d,p) which implies

e (m, K hy)=1- inf LW <1-— inf L®
S (m7 0 xmaxaAla 1) WG(O,I),I(SI,lszm+1 (’-Ya&p) = '76(0,1),151,11)2Km+1 (’Yvévp)
=1- inf L(2)(7767p/):Sgb(m7KaUaxmaxa)\1ah2)a

~v€(0,1),8,p' >Km+1
as desired.

e Similar to the previous part, it is easy to observe that the first, second, and third term in L, defined
in Equation @D do not depend on A;. The dependency of last two terms with respect to A; is of the form
exp(—Q1 A1) and exp(—Q2A?) which both are decreasing functions of A;. The rest of argument is similar to
the previous part and by replicating it with reach to the conclusion that S8 is non-increasing with respect
to Aq.

e Suppose that Kimq = Koma, |K;,

sub

|mi = |, |me, and K; < K. Similar to before, we use super-

sub
script L() to denote the function L(,-,-) when m =m;, K = K;, K., = K..,,- Then it is easy to check that
the last three terms in L™ and L® are the same. Therefore, for comparing Sgb(ml,Kl,U, Tmax; A1) and
S8P(my, Ko, 0, Tmax, A1), one only needs to compare the first two terms. Letting P [)\min(XImiXLmi) > 5] =
0;, i=1,2 and QQ =2dexp (—%) we have

2,2
dO' xrnax

L<1)(’Y757P) -L® (%5710) = 9£{2 - 9{(1 + QK101 — QK30,.

Similar to the proof of second part, it is not very hard to prove that on the reasonable regime for the

parameters the function g(f) = —0** + QK6 is decreasing and therefore
LO(7,8,p) = L (3,6,p) = 05 — 01" + QK101 — QK05 < 05 — 05" + QK10 — QK05 <0,

as 0, >0, €10,1] and K, > K;. Taking the infimum implies the desired result.
Now we derive the limit of L when ¢ — 0. For each o < (1/Km)?, define v(o) =1/2, §(c) = +/0, and
p(o) = [1/4/o]. Then, by computing the function L for these specific choices of parameters and upper

bounding the summation in Equation @ with its maximum times the number of terms we get

L(1(0),6(0),p(0)) <1 = (P [Anin(XJ10n X1em) > V7)) + 2KdP [Apuin (X7, Xom) > V7] exp (—Q1 /0%/?)

exp (—Ws/0o exp (~Qa/0”"
+2d/+/oexp (_Qz/ﬁ) +d 1p(exli2(/22f3)) +2d1 pe)((p(ngl/Uz)

for positive constants @1, Q2, @3, and ()4 that do not depend on o. Note that for any o > 0,

=J(0),

inf L(v,6,p) < J(0).

~v€(0,1),6>0,p>Km+1

Therefore, by taking limit with respect to o we get

lifgSgb(m,K, g, xmaxa)\lah) =1- II%L(7757P)

> lim (1= J(0)) = 1= {1 = (B [hnin(X{., X1n) > 0])" }

=P |:>\min (XImXIm) > 0] K N
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proving one side of the result. For achieving the desired result we need to prove that
P A min (X1, X10m) > O]K > lim, o S&"(m, K, 0, Tmax, A1, h) which is straightforward. To see this, note that
the function L always satisfies
As a result, for any o >0 we have
S (m, K, 0, Zmass Ay B) < 1= (1= P Ain (XL Xaom) > 0]) " =P [Anin (X[, Xirn) > 0]

By taking limits we reach to the desired conclusion. [J

Proof of Proposition[3 ~ We omit proofs regarding to the monotonicity results as they are very similar to
those provided in Proposition

For deriving the limit when o — 0, define (o) =+*, d(0) =+/0, and p(c) =tg. Then, by computing the

function L’ for these specific values we have
L' (4(0),6(0),p(0)) < 1= (P [Auia (X, K1) 2 V0])

+ 2K dP [Amin (X1, X1:m) = Vo | exp (—Q1 /0%/?)
Q) Kdexp(—D1(v*)to) exp (—Q4to/0?)
+ 2dt exp{— +2d ; :
’ 1 —exp(=D1(77)) 1 —exp(-Q%/0?)
for positive constants ()7, Q%, and @5 that do not depend on o. Note that for o >0,

L'(y,0,p) < J'(0).

=J'(0),

inf
¥<v*,6>0,Km+1<p<tg

Therefore, by taking limit with respect to o we get
lin S5 (m, K, 0, Zanax; M, h) = 1= Tim) L' (7,6, p)
>1i —J
>lim (1 - J'(0))

1= {1 (B Do (KT Xo) > )+ 222D

_ Kdexp(=D1(y")to)

1—exp(=Di(y7))
proving one side of the result. For achieving the desired result we need to prove that the other side of this

inequality. Note that the function L’ always satisfies
Kdexp(—D1(7)p)

1—exp(=D1(y))
Note that the function D;(7) is increasing with respect to «. This is easy to verify as the first derivative of

L/(’Y, 5ap) 2 1- (]P) [)\min(xir:mxl:M) Z 5])K + (27)

D, () with respect to v is equal to

oD, A A
871:3321 {1—log(1—7)— 1} =———log(1 — ),

which is increasing for v € [0,1). Therefore, by using p <ty and v <~* we have
Kdexp(=Di(7)p) _ Kdexp(=Di(7")to)
1—exp(=Di(7)) — 1—exp(=Di(y"))
Substituting this in Equation implies that

Kdexp(—Dy (7"
S (1m0, K, 0, Tamas A1, ) < 1 — {(1 P [Anin (X1 Xem) > 0]) < + dexp(—Da(y )to)}

1 —exp(—=D1(77))
k  Kdexp(—=Di(y")to)
1—exp(=Di(v%))

=P [Amin(X {0 X1m) > 0]

By taking limits we reach to the desired conclusion. [
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F.1. Proofs of Theorems [2] and [4
Let us first start by introducing two new notations and recalling some others. For each ¢ > 0 define

HY = { Amin (X(Sixm) " X(Sikem)) =0}

‘7i?\t = {/\min (X(Si,t)TX(Si,t)) > M — m|’Csub\} ;
and recall that

Fry = {Amin (X(Si2) "X (i) > A}
2= {13(Sw) ~ Billa < x}

Note that whenever |K,,;| =0, the sets J and F coincide. We first start by proving some lemmas that will
be used later to prove Theorems 2| and |4} The first lemma provides an upper bound on the probability that

the estimate of one of the arms at time ¢ = K'm has an error of at least #; while the minimum eigenvalue of

covariance matrices at t = Km is at least ¢.

LEMMA 13. Let i€ [K] be arbitrary. Then

5 70 T 670
P [Hi mgl.}Km} < 24P { Ain (XT., X 1) > 6} exp < —

2do?
REMARK 7. Note that Lemma 5] provides an upper bound on the same probability event described above.

However, those results are addressing the case that samples are highly correlated due to greedy decisions. In
the first K'm rounds that m rounds of random sampling are executed for each arm, samples are independent
and we can use sharper tail bounds. This would help us to get better probability guarantees for the Greedy
Bandit algorithm.

Proof of Lemma[13 Note that we can write

P [H NG | =P Aanin (X(Stm) XS sem)) 2 6, 18(Sseme) = Billo 2 61 (25)
Note that if Anin (X(Sikm) " X(Ss.km)) = 6 > 0, this means that the covariance matrix is invertible. There-

fore, we can write

pa —1

/B(SKm,t) —Bi= [X(Si,Km)TX(Si,Km)] X(Si,Km)TY(Si,Km) -G
= [X(Ss0m) X(Siren)] " K (Siscrn) T X(Ss ) Bi + (S )] = B
= [X(Surm) X (Susem)] " X(Sosen) Te(Siren) -
To avoid clutter, we drop the term S; k., in equations. By letting M = [X(Si,K,,L)TX(Si,Km)]_l X(Si.xm) the
probability in Equation (28] turns into

P (M0 NG| = F e (X7X) 26, [ Me]lo > 6]

i, Km

d
=P lxmin (XTX) >4, |mel> 91]

i=1

<P [Ain (X7X) 26,3j € [d],|m] e| > 6:/V(d]

d
<> P [Amin (XTX) >4,|m,)e|> 91/\/&}
j=1

d
=3 PyP.x [Amin (XTX) >, |m] ¢| zel/ﬁ\xzxo} , (29)

j=1
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where in the second inequality we used a union bound. Note that in above Px means the probability
distribution over the matrix X, which can also be thought as the multi-dimensional probability distribution
of px, or alternatively p¥. Now fixing X = Xy, the matrix M only depends on X, and we can use the

well-known Chernoff bound for subgaussian random variables to achieve
PAmin (Xg Xo) > 8, |m] e > 01 /Vd | X =Xo] =1 [Ain (Xg Xo) = 6] P[Im] | > 6, /Vd | X =X,]
0

92
< 21 [Ammin (Xg Xo) > 0] exp {_2d02lllmjllé}

Now note that when A, (XJXg) > & we have

1 1

IJ_Ié?;]{Hijg = max (diag (MM ")) = max (diag (XTXA)) < Amax (XTXA) = o (XX < 5

Hence,

2
P.x [)\min (XTX) >4, \ija| > 91/\/E | X = XO] <21 [)\min (XJXO) > (5] exp {— 29611;52 } .

Putting this back in Equation gives

8 0 T 0%5 T 0%5
P10 N0 G]k, | < 20Px [(Anin (X7X)) 2 8] exp { - = 2dP { Ain (X[, X1.) > 6} expd — :

2do? 2do?
as desired. In above we use the fact that Px [Amin (X7X) > 6] is equal to P{Amin (X1, X1.m) >0} as they
both describe the probability that the minimum eigenvalue of a matrix derived from m random samples from

px is not smaller than §. [

LEMMA 14. For an arbitrary Km+1<t<p—1 and i € [K] we have

P [’H‘.‘ ﬂﬁ} <2dexp< — bio°
E 2d(t — (K — 1)m)o2a?

max

Proof of Lemma[Zj} This is an immediate consequence of Lemma [5] Replace x = 6;,A =4/t and note
that |S; | <t— (K —1)m always holds as (K — 1)m rounds of random sampling for arms other than ¢ exist
in algorithm. [J

The next step is proving that if all arm estimates are within the ball of radius #; around their true values,
the minimum eigenvalue of arms in C,,, grow linearly, while sub-optimal arms are not picked by Greedy

Bandit algorithm. The proof is a simple generalization of Lemma [4]
LEMMA 15. For each t>p,i € K,pt
PN 0N N, 683)] < dexp (< Di()(E = mlK.us])).

Furthermore, for each t > Km+1 and i € Ky, conditioning on the event m{;lgﬁ;,l, arm ¢ would not be

played at time t under greedy policy.

Proof of Lemma[I5 We again use the concentration inequality in Lemma @ Let 7 € K+ and recall that
t
o= D B (XX [ X e RE,] 176,
k=1

t
o= D X X1 [Xee R,
k=1



Author: Ezploration-Free Contextual Bandits
Article submitted to ; manuscript no. (Please, provide the mansucript number!) 55

denote the expected and sample covariance matrices of arm 4 at time ¢ respectively. The aim is deriving
an upper bound on the probability that minimum eigenvalue of ii,t is less than the threshold tA; (1 —7) —
m|Kqus|- Note that f]i,t consists of two different types of terms: 1) random sampling rounds 1 <k < Km and
2) greedy action rounds Km + 1 < k <t. We analyze these two types separately as following:

e k< Km. Note that during the first Km periods, each arm receives m random samples from the distri-

bution px and therefore using concavity of the function A, () we have

Amin (%]E (X,CX,CT i [Xk c R“kD | H,;1> > mAminE (XX T)
k=1

> . T TA. T
> M Amin jE’CZMIE<XX ]I<X B; > max X ﬂl+h>)

Z m|lcopt|)\l7

where X is a random sample from distribution px.

e k> Km+1.If G* holds for all I € [K], then
E [XkX,:]I (Xk e R”k) | H,;_l] ~E [XXTH (XTB(SZ.,,Q) > WEXXTB(SM)] = A1

The reason is very simple; basically having N 19 means that ||3(S,,) — ]| < 01 and therefore for each x

satisfying x ' 8; > max;; x ' B, + h, using two Cauchy-Schwarz inequalities we can write

XTB(Si,j) - XTB(Sl,j) > XT(ﬁi - 51) — 2% maxth = XT(@' - ﬁz) —h >0,

for each [ # i. Therefore, by taking a maximum over [ we obtain x"3(S; ;) — max;; X B (S1,;) > 0. Hence,
E {ka,jﬂ <X§B(Si,k) > I?QXX;B(SM)> | Hi 1] ~E [XXTH (XT/B > maxXTﬁl +h>] =M1,

using Assumption E|, which holds for all optimal arms, i.e, i € ICopt-

Putting these two results together and using concavity of Apin(+) over positive semi-definite matrices we have

Ain (zt) = A <§:E (XkaT I [Xk e R”k} | Hk_1>>
k=1
> %)\mm (B (xx1[Xee Ry, ] 17,,)) + i: Ain (B (XX 1 [ X € R, [ Hi )
k=1

k=Km-+1
> m|opi| A1 + (= Km)A = (t — m|Kuup|)A1.
Now the rest of the argument is similar to Lemma @ Note that in the proof of Lemma [ we simply put
= 0.5. Here if we use an arbitrary v € (0,1) together with X, X,” <2 T derived via Cauchy-Schwarz
mequahty7 then Lemma [J] implies that

P in (Bi) < (6= mlausDAs (1 =) and Amin (S10) 2 (8 = mIKus) A1 | < dexp (=D (3)(t = mlKaus])

The second event inside the probability event can be removed, as it always holds under (ﬁlK 1 ﬂ] e g{{ E)

A1 (1—7)

The first event also can be translated to J;; and therefore for all ¢ € KC,,; we have

P [ \71'/,\151(1_7) N (ﬂf( M= v g )} < dexp(—Dl (’7)(t _mVCsub'))’

j=Km
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as desired.
For a sub-optimal arm 4 € K,,,;, using Assumption {4} for each x € X there exist [ € [K] such that x'3; <

x'" 3, —h and as a result conditioning on m{;lgﬁ !, by using a Cauchy-Schwarz inequality we have
X' B(St-1) =% B(Siem1) > X (B~ ) = 2maxth =x (B = ;) —h > 0.

This implies that i ¢ argmax;¢x, X" 3(S,.—1) and therefore arm i is not played for x at time ¢ (Note that
once K'm rounds of random sampling are finished the algorithm executes greedy algorithm). As this result
holds for all choices of x € X', arm ¢ becomes sub-optimal at time ¢, as desired. [

Here, we state the final lemma, which bounds the probability that the event @ occurs whenever ji?tl(lﬂ)
holds for any ¢ > p. In other words, this lemma shows that if the minimum eigenvalue of covariance matrix
of arm ¢ at time ¢ is large, then the estimate of arm 7 at time ¢ will be close to the true §;, with a high

probability.
LEMMA 16. For each t > p,i € [K]
B[ Ghng ] <2dexp (~Da(y)(t ~m|K.un)))

Proof of Lemma[16 This is again obvious using Lemmal[5} O
Now we are ready to prove Theorems [2]and [d] As the proofs of these two theorems are very similar we state

and prove a lemma that implies both theorems.

LEMMA 17. Let Assumption and [f) hold. Suppose that Greedy Bandit algorithm with m-rounds of forced
sampling in the beginning is executed. Let v € (0,1),6 > 0,p > Km + 1. Suppose that W is an event which

can be decomposed as W = N>, WV,, then event
(mfil thKm Qf}) nw
holds with probability at least

h2§
1= (P Punin (X[ X1om) > 6]) ™ 4 2Kd P Aanin (X7, X 1) > 8] exp { W}

max

= h?5? K t—1 0 501 | YAT
+ ¥ 2dexp{—8d(j(Kl) oTas }—&—ZP{ﬂi_lﬂk_ngijc)ﬁ(gﬂ;tuwt)}.

j=Km+1 max t>p

In above, Amin(X7.,,X1.m) denotes the minimum eigenvalue of a matriz obtained from m random samples

from the distribution px and constants are defined in Equations and .

Proof of Lemma[I7  One important property to note is the following result on the events:

{(ngt ) n(usel) b= {(ne.gt)ngl} (30)

The reason is that the estimates for arms other than arm m, do not change at time ¢, meaning that for each
i # 7, Gy t 1= g . Therefore, the above equality is obvious. This observation comes handy when we want
to avoid using a union bound over different arms for the probability of undesired event. For deriving a lower

bound on the probability of desired event we have

P[(ﬁfilﬂtzmng”)ﬂ)/\/]—1—]P’[( K 1ut2ng”)uW}
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Therefore, we can write
P {(uf;l Ues Km QTQ UW} <P [ULHT‘] +P [(mf;l?{f) N [(uf;l Ups km G t) U WH

The first term is equal to 1 — (P [Amin (X7, X1.:m) > 6])%. The reason is simple; probability of each H?,i €
[K] is given by P [Amin(X{,,,X1.0m) > d] and these events are all independent due to the random sampling.
Therefore, the probability that at least one of them does not happen is given by the mentioned expression.

In addition, the probability of the second event can be upper bounded by
(NI H) N [(uf;l Uss xm Gi t) U W”

P
gZ (M2 1G] + 2 [(OH2) 1 (1) [ (U1 Ui 652 ) U]

P [ 1G] + B (00 H) 1 (01,250, [ (U3 i 0) UTH)

qu

<

Il
-

025
2do?

§2KdIP’{)\min(X1T:mX1:m)Z(S}exp{— }—FP[(ﬁf{_le) (N,G7%,) N Kullutﬂmg )UWH

where we used Lemma together with a union bound. For finding an upper bound on the the second
probability, we treat terms ¢t € [Km + 1,p — 1] and ¢ > p differently. Basically, for the first interval we have
guarantees when ﬂK,l"Hf holds (Lemma and for the second interval the guarantee comes from having

the event N/<; NJZ e gﬁ; (Lemma. Hence, we can write
P (NS4 7) N1 (5650 1 [ (VIS Uiz 2 UV |

p—1 -
< 3 PN N (N N, 90 0 (U7

t=Km+1
+ 3P (N M) N (NI M 674) 0 (U, G U ) |
t>p
< Zl P [(N 1) 0 (60 ) N G0 | + SO [(0I D) 0 (NS mic, 603 0 (62, U7 )|
t=Km+1 t>p
-1
< pz IP’[ (NI, 21?) mgm}jtzp{ (N, Ntz ngf,}c)m(@uwt)]
t=Km-+1 t>p

using Equation and carefully dividing the event [( —1Ut>km G! ) W} into some smaller events. Note
that by using the second part of Lemma if the event NX 19” 1 holds, then 7 is equal to one of the
elements in XC,,, and sub-optimal arms in K;,; will not be pulled. Therefore, the first term is upper bounded

by

Z Z { eré mg ]_ Z Z IPﬂtZQdeXp{ 2d(t—(K0—%(15; )o2z2 }

t=Km+11€Kopt t=Km+11Kopt max

s 6252
< 2 —
< 2 deXp{ 2d(t — (K — 1)m)o2a? }

t=Km+1 max

using uniform upper bound provided in Lemma and ), Kopt P[n, =1] = 1. This concludes the proof. [
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Proof of Theorem[d The proof consists of using Lemma Basically, if we know that the events QZ !
for i € [K] and t > Km all hold, we have derived a lower bound on the probability that greedy succeeds.
The reason is pretty simple here, if the distance of true parameters (5; and BZ is at most #; for each t, we
can easily ensure that the minimum eigenvalue of covariance matrices of optimal arms are growing linearly,
and sub-optimal arms remain sub-optimal for all ¢ > K'm + 1 using Lemma Therefore, we can prove the
optimality of Greedy Bandit algorithm and also establish its logarithmic regret. Therefore, in this case we
need not use any ¥ in Lemma we simply put W, =W = Q, where (2 is the whole probability space. Then

we have

2
P[5 Nes e G03] > 1= (P [anin (XL Xo) = 0]) S + 2K P [Again (X, X110n) > 6] exp { “}

- 8do2x2,,.
= h252 K 0
2dexp 4 — P[ (N5, Nt G0 } .
p> e"p{ 8d(j — (K — 1ym)o? x;ax}+z =1 Mhmien G24) 162
j=Km+1 t>p

The upper bound on the last term can be derived as following
Z]P [ mK 1 mk Km gfi) N (Uf{ 1gm t>:|
t>p
=3 > Pl =1 (N5 Nk, 604) 0 (U603 )|

t>p lEopt
<X B =0 {B[ T 0 (O ik, 6] B[ G0
thléKopt

which by using Lemmas [T5] and [T6] can be upper bounded by

>N Plm =1 {dexp (—D1(v)(t — m|K.u) + 2dexp (— Do (y) (t — m|Kus])) }

t>p leEopt

=>_exp(=Di(y)(t —m|Keus]) + ) 2dexp (—=Da(y)(t —m|Keu])

_ dep(-Du0)—miKaal)) | 2exp (- Do1)(p~ [Kus)
1—exp(—D1(%)) 1 —exp(=Dz(7)) .

Summing up all these term yields the desired upper bound. Now note that this upper bound is algorithm-

independent and holds for all values of v € (0,1),d > 0, and p > K'm and therefore we can take the supremum
over these values for our desired event (or infimum over undesired event). This concludes the proof. O

For proving Theorem [ the steps are very similar, the only difference is that the desired event happens
if all events G4, i € [K],t > Km hold, and in addition to that, events F}',,i € [K],t >t, all need to hold
for some A > \o/4. Recall that in Theorem 4] l Ksup = 0 and therefore we can use the notations J and F
interchangeably. For Greedy-First, we define W = N;c[x] Nizp ]-'th for some A. This basically, means we need
to take W, = Njcx) Fy), for some A.

Proof of Theorem[j] The proof is very similar to proof of Theorem [2} For arbitrary v,d,p we want to
derive a bound on the probability of the event

P [(0111 MNe>rm gfi) N (ﬂl L Nisp ]_-Al(l—'y)ﬂ )

Note that if p <tg and v<1— Xg/(4A1), then having events f:tl(lﬂ),i € [K],t > p implies that the events
.7-'2 ?/ 4,i € [K],t > to all hold. In other words, Greedy-First does not switch to the exploratory algorithm
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and is able to achieve logarithmic regret. Let us substitute W, = N/, F;, M7 which implies that W =
N Nisp ]—'2;(177). Lemma (17| can be used to establish a lower bound on the probability of this event as

P {(mf;lmtzm G)n (mz L Pisp Fot (™ ”ﬂ >1 = (P i (X X n) > 0])

8do2x2

max

+ % 2deXp{_8d(j—(K}f(§ Jo2ad }

j=Km+1 max

+3 P (N5 N, 00 0 (G (M A T)) ]
t>p

2
+2Kd P [Amin (X[, X1m) > 6] exp { M}

Hence, we only need to derive an upper bound on the last term. By expanding this based on the value of ,

we have
SR Nk, 00 0 (970 (NS, FR0 7))

t>p
— Z XK:IP[wt =[P [(mf;l Mh—em Got) N (ﬁu (uf 1W>)}

t>p =1
K K L
sZZMmZ]{Z(P[( e G N F ] ) 4P 5mf;;<lv>}},
t>p =1 w=1

using a union bound and the fact that the space fl),‘tl(lﬂ) has already been included in the first term, so its

complement can be included in the second term. Now, using Lemmas [L5| and [16] this can be upper bounded

by

Z Z [r, =] {Kdexp(—D;(7)t) + 2dexp(—Do(7)t)} = ZKdexp )t)—|—Z2dexp(—D2('y)t)

” _ Kdexp(—D1(’7)p) 2de;<p(—D2(’y)p)
1—exp(—Di(v)) 1—exp(—D2(v))"

As mentioned earlier, we can take supremum on parameters p,~,d as long as they satisfy p <o,y <1 —

Ao/ (4A1), and & > 0. They would lead to the same result only with the difference that the infimum over L
should be replaced by L’ and these two functions satisfy

dexp(—D1(7)p)

L'(v,6,p) = L(7,0,p) + (K — 1) 1—exp(—Di(v))’

which yields the desired result. [
Proof of Corollary[3. We want to use the result of Theorem [2} In this theorem, let us substitute v =
0.5,p=Km+1, and § =0.5A;m|,,|. After this substitution, Theorem [2| implies that the Greedy Bandit

algorithm succeeds with probability at least

0.52 A mlK,
P rin (X X 1) > 05X 172/ K e || = 2K P [ Awin (X7 Xgim) > 0.5X0m|Kope|] exp {_1m|pt}

8do?x2,,.
dexp{—D1(0.5)(Km+1—m|K.|)}

a 1—exp{—D;(0.5)}
2dexp{—D>(0.5)(Km+1—m|K..])}

1—exp{—D2(0.5)}
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For deriving a lower bound on the first term let us use the concentration inequality in Lemma [0] Note that

here the samples are drawn i.i.d. from the same distribution px. Therefore, by applying this Lemma we have
e—0A5 )‘lmllcopt‘/zxznax
P [)\mm(XleXIm) S 0.5)\1m|lcopt|) and E[Amm(XImxlm)] Z AlmUCoptH S d ( )

0.50%
)\1m|/CDpt|)

2
max

2
Tnax

A
= dexp {—“”’C”’”' (—0.5— 0.510g(0.5))} > dexp (—0.153

Note that the second event, i.e. E[Amin(X{,,,X1:m)] = A1m|K,,¢| happens with probability one. This is true

according to

m

E[Amin(XImXI:M)] = Ep‘min(z XZXZT)} Z ]E[Z )\min (XZXZT)] = Z]Ep‘min(XleT)] = m]E[)‘min(XXT)L

where X ~ px and the inequality is true according to the Jensen’s inequality for the concave function Apin(+).

Now note that, this expectation can be bounded by

EAmin (XX )] >E lxmin (Z XXTUXT B, > max X7, + h))

i=1

K
> ZIE {/\min <XXTH(XT@- > r?ngTﬁj + h))}
i=1

Z |Kopt‘)\1;

according to Assumption 4| and another use of Jensen’s inequality for the function Ay, (). Note that this

part of proof was very similar to Lemma Thus, with a slight modification we get
A1m|/Copt | )

2
max

P [Amin (X100 X1im) = 0.5Am|Kope|] > 1 — dexp (—0.153

After using this inequality together with the inequality (1 —z)¥ > 1 — Kz, and after replacing values of
D,(0.5) and D5(0.5), the lower bound on the probability of success of Greedy Bandit reduces to

—0.1 2
I—Kdexp ( 0 53)\1m|lcopt|> _ 2Kdexp <_h Alm/Copt|)

2 272
max 16do Tmax

= —0.153), = A2h?
—d Z exp (:EQZ) —2d Z exp (_32da%4l .

1=(K—|Kgyp|)m-+1 max I=(K—|Kgyup|)m+1 max

In above we used the expansion 1/(1 —z) =73~ z'. In order to finish the proof note that by a Cauchy-
Schwarz inequality A\; < z2, . Furthermore, K — |K,.s| = |Kop:| and therefore the above bound is greater

than or equal to

= —0.153), > A2h? 3K dexp(—Dminm|Kop)
1-K —) 2K - ) >1-
d Z eXp ( 2 l) d Z exp ( 32do2xt = 1—exp(—Dmin) ’

max max

I=m|Kopt| l=m|Kopt|

as desired. O

Proof of Corollary[3 ~ Proof of this corollary is very similar to the previous corollary. Extra conditions of
the corollary ensure that both v=0.5,p = Km + 1 lie on their accepted region. For avoiding clutter, we skip
the proof. 0O
Appendix G: Additional Simulations

We now explore the performance of Greedy Bandit as a function of K and d, as well as the dependence
of the performance of Greedy-First on the input parameters ¢, (which determines when to switch) and h, g

(which are inputs to OLS Bandit after switching). Note that Greedy Bandit is entirely parameter-free.
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Figure 5  These figures show a sharp change in the performance of Greedy Bandit for K =5 arms as d increases.

G.1. More than Two Arms (K > 2)

We simulate the Greedy Bandit with K =5 arms, and vary the dimension d =2,3,...,10. Here, we fix the
context distribution to 0.5 x N(04,I;) truncated at 1, and we draw arm parameters {3;} from N(0,4,1,). To
ensure a fair comparison, we scale the noise variance by d so as to keep the signal-to-noise ratio fixed (i.e.,
o= 0.25\/3). The results are shown in Figure [5| We find that the performance of Greedy Bandit improves
dramatically as the dimension d increases, while it degrades with the number of arms K (as predicted by
Proposition . When d is small relative to K, it is likely that Greedy Bandit will drop an arm due to an
early poor arm parameter estimate, which then results in linear regret. However, when d is large relative to
K, Greedy Bandit performs very well. We conjecture that this turning point occurs when d > K —1.

We also repeat the simulations detailed in With the only modification that K =5, d € {3, 7}; we employ
the true prior for OFUL and TS. In Figure [6] we plot the resulting cumulative regret for all algorithms
averaged over 1000 runs. We observe that Greedy-First nearly ties with Greedy Bandit as the winner when
d="17. However for d =3, Greedy Bandit performs poorly, while Greedy-First performs nearly as well as the

best algorithms. Thus, we again see empirical evidence that higher dimension benefits a greedy approach.
G.2. Sensitivity to parameters

We now perform a sensitivity analysis to see how the input parameters h, g, and ¢y affect the performance of
Greedy-First. Note that Greedy Bandit is entirely parameter-free. The sensitivity analysis is performed with

the same problem parameters as in Figure [2| for the case that covariate diversity does not hold. As can be

observed from Figure[7 we find that the performance of Greedy-First is quite robust to the choice of inputs.
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Figure 6  Simulations for K > 2 arms.
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Figure 7 Sensitivity analysis for the expected regret of Greedy-First algorithm with respect to the input param-

eters h, ¢, and to.
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