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Predictive analytics is increasingly used to guide decision-making in many applications. However, in practice,
we often have limited data on the true predictive task of interest, and must instead rely on more abundant
data on a closely-related prozy predictive task. For example, e-commerce platforms use abundant customer
click data (proxy) to make product recommendations rather than the relatively sparse customer purchase
data (true outcome of interest); alternatively, hospitals often rely on medical risk scores trained on a different
patient population (proxy) rather than their own patient population (true cohort of interest) to assign
interventions. Yet, not accounting for the bias in the proxy can lead to sub-optimal decisions. Using real
datasets, we find that this bias can often be captured by a sparse function of the features. Thus, we propose
a novel two-step estimator that uses techniques from high-dimensional statistics to efficiently combine a
large amount of proxy data and a small amount of true data. We prove upper bounds on the error of our
proposed estimator and lower bounds on several heuristics used by data scientists; in particular, our proposed
estimator can achieve the same accuracy with exponentially less true data (in the number of features d).
Finally, we demonstrate the effectiveness of our approach on e-commerce and healthcare datasets; in both
cases, we achieve significantly better predictive accuracy as well as managerial insights into the nature of

the bias in the proxy data.
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1. Introduction
Decision-makers increasingly use machine learning and predictive analytics to inform consequential
decisions. However, a pervasive problem that occurs in practice is the limited quantity of labeled
data available in the desired setting. Building accurate predictive models requires significant quan-
tities of labeled data, but large datasets may be costly or infeasible to obtain for the predictive task
of interest. A common solution to this challenge is to rely on a proxy — a closely-related predictive
task — for which abundant data is already available. The decision-maker then builds and deploys
a model predicting the proxy instead of the true task. To illustrate, consider the following two
examples from revenue management and healthcare respectively:

EXAMPLE 1 (RECOMMENDATION SYSTEMS). A core business proposition for platforms (e.g.,
Expedia or Amazon) is to match customers with personalized product recommendations. The

typical goal is to maximize the probability of a customer purchase by recommending products that a



customer is most likely to purchase, based on past transaction data and customer purchase histories.
Unfortunately, most platforms have sparse data on customer purchases (the true outcome they
wish to predict) for a particular product, but significantly more data on customer clicks (a proxy
outcome). Clicks are a common proxy for purchases, since one may assume that customers will
not click on a product without some intent to purchase. Consequently, platforms often recommend
products with high predicted click-through rates rather than high predicted purchase rates.

ExXAMPLE 2 (MEDICAL RISK SCORING). Many hospitals are interested in identifying patients
who have high risk for some adverse event (e.g., diabetes, stroke) in order to target preventative
interventions. This involves using past electronic medical records to train a patient risk score, i.e.,
predict which patients are likely to get a positive diagnosis for the adverse event based on data from
prior visits. However, small hospitals have limited data since their patient cohorts (true population
of interest) are not sizable enough to have had a large number of adverse events. Instead, they adopt
a published risk score trained on data from a larger hospital’s patient cohort (proxy population).
There are concerns that a predictive model trained at one hospital may not directly apply to a
different hospital, since there are differences in physician behavior, patient populations, etc. Yet,
one may assume that the large hospital’s risk score is a good proxy for the small hospital’s risk
score, since the target of interest (the adverse event) is the same in both models.

There are numerous other examples of the use of proxies in practice. In Section 1.1, we overview
the pervasiveness of proxies in healthcare and revenue management.

However, the use of proxies has clear drawbacks: the proxy and true predictive models may not
be the same, and any bias between the two tasks will affect the predictive performance of the model.
Consider Example 1 on recommendation systems. In Section 5.2, we use personalized hotel recom-
mendation data from Expedia to demonstrate a systematic bias between clicks (proxy outcome) and
purchases (true outcome). In particular, we find that the price of the recommendation negatively
impacts purchases far more than clicks. Intuitively, a customer may not mind browsing expensive
travel products, but is unlikely to make an expensive purchase. Thus, using predicted click-through
rates alone (proxies) to make recommendations could result in overly expensive recommendations,
thereby hurting purchase rates. Next, consider Example 2 on medical risk scores. In Section 5.3, we
use electronic medical record data across several healthcare providers to demonstrate a systematic
bias between a diabetes risk predictor trained on patient data from a large external hospital (proxy
cohort) and a risk predictor trained on patient data from the small target hospital (true cohort).
In particular, we find differences in physician diagnosing behavior (e.g., some physicians are more
inclined than others to ask patients to fast in order to diagnose impaired fasting glucose) and
how patient chart data is encoded in the medical record (e.g., obesity is recorded as a diagnosis

more often in some hospitals despite patients having similar BMIs). As a result, features that are



highly predictive in one hospital may not be predictive in another hospital, thereby hurting the
performance of a borrowed (proxy) risk predictor at the target hospital.

We refer to data from the proxy and true predictive tasks as proxy and gold data respectively.
Analogously, we refer to estimators trained on proxy and gold data alone as the proxy and gold
estimators respectively. Both estimators seek to predict outcomes on the true predictive task. From
a statistical perspective, the gold estimator is unbiased but has high variance due to its limited
sample size. On the other hand, the proxy estimator has low variance due to its large sample size,
but may have a significant bias due to systematic differences between the true and proxy predictive
tasks. Predictive accuracy is composed of both bias and variance. Thus, when we have a good
proxy (the bias is not too large), the proxy estimator can be a much more accurate predictive
model than the gold estimator, explaining the wide use of proxies in practice.

An immediate question is: can we combine proxy and gold data to achieve a better bias-variance
tradeoff and improve predictive accuracy? In many of these settings, we have access to (or could
collect) information from both predictive tasks, i.e., we typically have a large amount of proxy data
and a small amount of true data. For instance, platforms observe both clicks and purchases; the
target hospital has access to both the published proxy estimator and basic summary statistics from
an external hospital, as well as its own patient data. Thus, we have the opportunity to improve
prediction by combining these data sources. Conversations with professional data scientists indicate
two popular heuristics: (i) model averaging over the gold and proxy estimators, and (ii) training a
model on proxy and gold data simultaneously!, with a larger weight for gold observations. However,
there is little understanding of whether and by how much these heuristics can improve predictive
performance. Indeed, we prove lower bounds that both model averaging and weighted loss functions
can only improve estimation error by at most a constant factor (beyond the naive proxy and gold
estimators discussed earlier). Thus, neither approach can significantly improve estimation error.

Ideally, we would use the gold data to de-bias the proxy estimator (which already has low
variance); this would hopefully yield an estimator with lower bias while maintaining low variance.
However, estimating the bias is challenging, as we have extremely limited gold data. In general,
estimating the bias from gold data can be harder than directly estimating the true predictive model
from gold data. Thus, we clearly need to impose additional structure to make progress.

Our key insight is that the bias between the true and proxy predictive tasks may often be well
modeled by a sparse function of the observed features. We argue that there is often some (a priori
unknown) underlying mechanism that systematically affects a subset of the features, creating a bias

between the true and proxy predictive tasks. When this is the case, we can successfully estimate the

! One disadvantage of the weighted loss function is that it requires both proxy and gold data to be available together
at the time of training. This may not be possible in settings such as healthcare, where data is sensitive.



bias using high-dimensional techniques that exploit sparsity. To illustrate, we return to Examples 1
and 2. In the first example on hotel recommendations, we find on Expedia data that customers tend
to click on more expensive products than they are willing to purchase. This creates a bias between
the proxy and true predictive tasks that can be captured by the price feature alone. However, as
we show in Fig. 2 in Section 5.2, the two predictive tasks appear remarkably similar otherwise. In
particular, the difference of the proxy and gold estimators on Expedia data is very sparse (nearly all
coefficients are negligible with the notable exception of the price coefficient). Similarly, in the second
example on diabetes risk prediction, we find on patient data that physicians/coders at different
hospitals sometimes diagnose/record different conditions in the electronic medical record. However,
the majority of patient data is similarly diagnosed and recorded across hospitals (motivating the
common practice of borrowing risk predictors from other hospitals). This creates a bias between
the proxy and true predictive tasks that can be captured by the few features corresponding only
to the subset of diagnoses where differences arise.

Importantly, in both examples, the proxy and gold estimators themselves are not sparse. Thus,
we cannot exploit this structure by directly applying high-dimensional techniques to proxy or gold
data separately. Rather, we must efficiently combine proxy and gold data, while exploiting the
sparse structure of the bias between the two predictive tasks. Our lower bounds show that popular
heuristics (model averaging and weighted loss functions) fail to leverage sparse structure even when
it is present, and can still only improve predictive accuracy by at most a constant factor.

We propose a new two-step joint estimator that successfully leverages sparse structure in the bias
term to achieve a much stronger improvement in predictive accuracy. In particular, our proposed
estimator can achieve the same accuracy with exponentially less gold data (in the number of
features d). Intuitively, instead of using the limited gold data directly for estimating the predictive
model, our estimator uses gold data to efficiently de-bias the proxy estimator. In fact, when gold
data is very limited, the availability of proxy data is critical to extracting value from the gold
data. Our proof relies on a new LASSO tail inequality for approximately sparse vectors, which
may be of independent interest. It is worth noting that our estimator does not simultaneously
require both proxy and gold data at training time; this is an important feature in settings such as
healthcare, where data from different sources cannot be combined due to regulatory constraints. We
demonstrate the effectiveness of our estimator on both Expedia hotel recommendation (Example 1)
and diabetes risk prediction (Example 2). In both cases, we achieve significantly better predictive

accuracy, as well as managerial insights into the nature of the bias in the proxy data.

1.1. Pervasiveness of Proxies
Proxies are especially pervasive in healthcare, where patient covariates and response variables

must be derived from electronic medical records (EMRs), which are inevitably biased by the data



collection process. One common issue is censoring: we only observe a diagnosis in the EMR if
the patient visits the healthcare provider. Thus, the recorded diagnosis code (often used as the
response variable) is in fact a proxy for the patient’s true outcome (which may or may not have
been recorded). Mullainathan and Obermeyer (2017) and Obermeyer and Lee (2017) demonstrate
that this proxy can result in misleading predictive models, arising from systematic biases in the
types of patients who frequently visit the healthcare provider. One could collect more reliable (true)
outcome data by surveying patients, but this is costly and only scales to a small cohort of patients.
Another form of censoring in healthcare is omitted variable bias: important factors (e.g., physician
counseling or a patient’s proactiveness towards their own health) are not explicitly recorded in
the medical record. Bastani et al. (2017) show that omitted variable bias arising from unrecorded
physician interventions can lead to misleading predictive models trained on EMR data. Again, more
reliable (gold) data can be collected by hand-labeling patient observations based on physician or
nurse notes in the medical chart, but as before, this is costly and unscalable. Recently, researchers
have drawn attention to human bias: patient data is collected and recorded by hospital staff (e.g.,
physicians, medical coders), who may themselves be biased (Ahsen et al. 2018). This is exemplified
in our case study (Section 5.3), where we find that medical coders record the obesity diagnosis
code in the EMR at very different rates even when patient BMIs are similar. Clinical trials face yet
another challenge when measuring time-to-event outcomes, e.g., a short cancer clinical trial may
yield very few mortality (gold) outcomes, but many progression-free survival (proxy) outcomes due
to differences in their hazard rates. These proxy outcomes are sometimes used for drug approval
decisions because they are abundant and informative (thereby lowering the cost of clinical trials),
but they are imperfect predictors of drug efficacy (Anderer et al. 2019). Finally, proxies are often
used when the outcome of interest is too rare or has high variance. For example, in healthcare pay-
for-performance contracts, Medicare uses 30-day hospital readmissions rates as proxies for hospital
quality of care, which may be better captured by rarer outcomes such as never events or 30-day
patient mortality rates (CMS 2018, Axon and Williams 2011, Milstein 2009).

Proxies are also pervasive in marketing and revenue management. Online platforms allow us to
observe fine-grained customer behaviors, including page views, clicks, cart-adds, and eventually
purchases. While purchases may be the final outcome of interest, these intermediate (and more
abundant) observations serve as valuable proxies. For example, Farias and Li (2017) use a variety
of customer actions as proxies for predicting a customer’s affinity for a song in a music streaming
service. This is also evidenced in our case study (Section 5.2), where customer clicks can signal
the likelihood of customer hotel purchases. With modern technology, companies can also observe
customers’ offline behavior, including store visits (using mobile WiF1i signal tracking, e.g., see Zhang

et al. 2018 for Alibaba case study) and real-time product browsing (using store security cameras,



e.g., see Brynjolfsson et al. 2013 for American Apparel case study). Thus, different channels of
customer behavior can inform predictive analytics. For example, Dzyabura et al. (2018) use online
customer behaviors as proxies for predicting offline customer preferences. Finally, new product
introduction can benefit from proxies. For example, Baardman et al. (2017) and Bastani et al.

(2019) use demand for related products as proxies to help learn the demand for a new product.

1.2. Other Related Work

Our problem can be viewed as an instance of multitask learning, or more specifically, transfer
learning. Multitask learning combines data from multiple related predictive tasks to train similar
predictive models for each task. It does this by using a shared representation across tasks (Caruana
1997). Such representations typically include variable selection (i.e., enforce the same feature sup-
port for all tasks in linear or logistic regression, Jalali et al. 2010, Meier et al. 2008), kernel choice
(i.e., use the same kernel for all tasks in kernel regression, Caruana 1997), or intermediate neural
net representations (i.e., use the same weights for intermediate layers for all tasks in deep learning,
Collobert and Weston 2008). Transfer learning specifically focuses on learning a single new task
by transferring knowledge from a related task that has already been learned (see Pan et al. 2010
for a survey). We share a similar goal: since we have many proxy samples, we can easily learn a
high-performing predictive model for the proxy task, but we wish to transfer this knowledge to
the (related) gold task for which we have very limited labeled data. However, our proxy and gold
predictive models already have a shared representation in the variable selection sense; in particular,
we use the same features (all of which are typically relevant) for both prediction tasks.

We note that the tasks considered in the multitask and transfer learning literature are typically
far more disparate than the class of proxy problems we have identified in this paper thus far.
For instance, Caruana (1997) gives the example of simultaneously training neural network outputs
to recognize different object properties (outlines, shapes, textures, reflections, shadows, text, ori-
entation, etc.). Bayati et al. (2018) simultaneously train logistic regressions predicting disparate
diseases (heart failure, diabetes, dementia, cancer, pulmonary disorder, etc.). While these tasks are
indeed related, they are not close substitutes for each other. In contrast, the proxy predictive task
1s a close substitute for the true predictive task, to the point that practitioners may even ignore
gold data and train their models purely on proxy data. In this class of problems, we can impose
significantly more structure beyond merely a shared representation.

Our key insight is that the bias between the proxy and gold predictive tasks can be modeled
as a sparse function. We argue that there is often some (a priori unknown) underlying mechanism
that systematically affects a subset of the features, creating a bias between the true and proxy
predictive tasks. When this is the case, we can successfully estimate the bias using high-dimensional

techniques that exploit sparsity.



Bayesian approaches have been proposed for similar problems. For instance, Dzyabura et al.
(2018) use a Bayesian prior relating customers’ online preferences (proxies) and offline purchase
behavior (true outcome of interest). Raina et al. (2006) propose a method for constructing priors
in such settings using semidefinite programming on data from related tasks. These approaches do
not come with theoretical convergence guarantees. A frequentist interpretation of their approach
is akin to ridge regression, which is one of our baselines; we prove that ridge regression cannot
take advantage of sparse structure when present, and thus, cannot significantly improve improve
estimation error over the naive proxy or gold estimators. Relatedly, Farias and Li (2017) link
multiple low-rank collaborative filtering problems by imposing structure across their latent feature
representations; however, the primary focus in their work is on low-rank matrix completion settings
without features, whereas our focus is on classical regression problems.

We use techniques from the high-dimensional statistics literature to prove convergence properties
about our two-step estimator. The second step of our estimator uses a LASSO regression (Chen
et al. 1995, Tibshirani 1996), which helps us recover the bias term using far fewer samples than
traditional statistical models by exploiting sparsity (Candes and Tao 2007, Bickel et al. 2009,
Negahban et al. 2009). A key challenge in our proof is that the vector we wish to recover in the
second stage is not perfectly sparse; rather, it is the sum of a sparse vector and residual noise from
the first stage of our estimator. Existing work has studied convergence of LASSO for approximately
sparse vectors (Biihlmann and Van De Geer 2011, Belloni et al. 2012), while making little to no
assumptions on the nature of the approximation; we extend this theory to prove a tighter but
structure-dependent tail inequality that is appropriate for our setting. As a result, we show that the
error of our joint estimator cleanly decomposes into a term that is proportional to the variance of
our proxy estimator (which is small in practice), and a term that recovers the classical error rate of
the LASSO estimator. Thus, when we have many proxy observations, we require exponentially fewer
gold observations to achieve a nontrivial estimation error than would be required if we did not have
any proxy data. Our two-stage estimator is related in spirit to other high-dimensional two-stage
estimators (e.g., Belloni et al. 2014, 2012). While these papers focus on treatment effect estimation
after variable selection on features or instrumental variables, our work focuses on transfer learning

from a proxy predictive task to a new predictive task with limited labeled data.

1.3. Contributions
We highlight our main contributions below:

1. Problem Formulation: We formulate the proxy problem as two classical regression tasks; the
proxy task has abundant data, while the actual (gold) task of interest has limited data. Motivated

by real datasets, we model the bias between the two tasks as a sparse function of the features.



2. Theory: We propose a new two-step estimator that efficiently combines proxy and gold data
to exploit sparsity in the bias term. Our estimator provably achieves the same accuracy as popular
heuristics (e.g., model averaging or weighted loss functions) with exponentially less gold data (in
the number of features d). Our proof relies on a new tail inequality on the convergence of LASSO
for approximately sparse vectors, which may be of independent interest.

3. Case Studies: We demonstrate the effectiveness of our approach on e-commerce and healthcare
datasets. In both cases, we achieve significantly better predictive accuracy as well as managerial

insights into the nature of the bias in the proxy data.

2. Problem Formulation

Preliminaries: For any integer n, let [n] denote the set {1,...,n}. Consider an observation with
feature vector x € R%. As discussed earlier, the gold and predictive tasks are different. Let the gold
and proxy responses be given by the following linear data-generating processes respectively (we

will discuss nonlinear parametric models in Section 4.5):

S o 1
Ygotd =X Byo1a + Egold s

%
Yprozy = X /Bpr0$y + Eproxy »

where 3714, Bvory € R are unknown regression parameters, and the noise €go14,Eproay are each
vectors of independent subgaussian variables with parameters o,,4 and o,,..., respectively (see
Definition 1 below). We do not impose that €44 is independent of €,,,,; for example, (aéﬁfl €D )
can be arbitrarily pairwise correlated? for any i.

DEFINITION 1. A random variable z € R is o-subgaussian if E[e*?] < e *"/2 for every t € R.
This definition implies E[z] = 0 and Var[z] < o?. Many classical distributions are subgaussian;
typical examples include any bounded, centered distribution, or the normal distribution. Note that
the errors need not be identically distributed.

Our goal is to estimate (), accurately in order to make good decisions for new observations

gol
with respect to their true predicted outcomes. In a typical regression problem, the gold data would
suffice. However, we often have very limited gold data, leading to high-variance erroneous estimates.
This can be either because 1404 is small (Example 2) or 0,44 is large (Example 1). Thus, we can
benefit by utilizing information from proxy data, even if this data is biased.

Decision-makers employ proxy data because the proxy predictive task is closely related to the

*
proxy °

true predictive task. In other words, 3, ~ To model the relationship between the true and

proxy predictive tasks, we write

* _ % *
gold = Fprozxy +5 )

2In Example 1, a customer’s click (proxy) and purchase (gold) responses may have correlated customer-specific noise.



where 0* captures the proxy estimator’s bias.

Motivated by our earlier discussion, we posit that the bias is sparse. In particular, let [|6*||o = s,
which implies that the bias of the proxy estimator only depends on s out of the d covariates. This
constraint is always satisfied when s =d, but we will prove that our estimator of 3;,, has much
stronger performance guarantees when s < d.

Data: We are given two (possibly overlapping) cohorts. We have ng,q observations in our gold
dataset: let X .4 € R7s01a%4 he the gold design matrix (whose rows are observations from the
gold cohort), and Y4 € R"s¢d be the corresponding vector of responses. Analogously, we have
Nprozy Observations in our proxy dataset: let X0z, € R"#rezy*d he the proxy design matrix (whose
rows are observations from the proxy cohort), and Y., € R"#¥ be the corresponding vector of
responses. Typically ngoiqa <K Nprozy OF Ogoid > Tproxy, Necessitating the use of proxy data. Without
loss of generality, we impose that both design matrices have been standardized, i.e.,

2
2
_ (r) H _
= Ngoq  and HXpmxy o = Nprozy 5

for each column r € [d]. It is standard good practice to normalize features in this way when using
regularized regression, so that the regression parameters are appropriately scaled in the regular-
ization term (see, e.g., Friedman et al. 2001). We further define the d x d gold and proxy sample

covariance matrices

1 1 T

_ T _
Egold = n—Xgolngold and Eproa:y = 7Xpmwapmw .

gold inOﬁy

Our standardization of the design matrices implies that diag (X,04) = diag (X,,00y) = Laxi-

FEvaluation: We define the parameter estimation error of a given estimator £ relative to the true

)

where S = {Xgold,Xpmwy, B;old,é*} is the set of feasible problem parameters® (i.e., satisfying the

parameter 3, as

R(B.Ba) = sup E [~ 8.1

assumptions given in the problem formulation and Section 2.1), and the expectation is taken with
respect to the noise terms 4,4 and €,,,,,. Note that a bound on R implies a bound on the expected

out-of-sample prediction error for any new bounded observation x € R¢, i.e., by Holder’s inequality,

|

3 Note that Bprowy is implicitly defined in S as 35,4 — ™.

xTﬂ—wTﬁ;‘oldH < E[HB—@M

‘1i| ’ ||$Hoo S R(B?B;old) : HxHoo .
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2.1. Assumptions

AssuMPTION 1 (Bounded). There exists some b€ R such that Hﬁ;‘odel <b.

Our first assumption states that our regression parameters are bounded by some constant*. This

is a standard assumption in the statistical literature.

AssuMPTION 2 (Positive-Definite). The prozy sample covariance matric Yo, is positive-

definite. In other words, the minimum eigenvalue of ¥4y 15 1 > 0.

Our second assumption is also standard, and ensures that 3* is identifiable from the proxy

proxy
data (X, ozys Yprozy)- This is a mild assumption since 7,0, is large. In contrast, we allow that
Byo1a may not be identifiable from the gold data (Xgotds Ygola), since ngqq is small and the resulting
sample covariance matrix ¥ ,,, may not be positive-definite.

The last assumption on the compatibility condition arises from the theory of high-dimensional
statistics (Candes and Tao 2007, Bickel et al. 2009, Bithlmann and Van De Geer 2011). We will
require a few definitions before stating the assumption.

An indez set is a set S C [d]. For any vector u € R?, let ug € R? be the vector obtained by setting
the elements of u that are not in S to zero. Then, the i*" element of ug is u$ = u(® - 1[i € 9].
Furthermore, let S¢ denote the complement of S. Then, SUS®=[d] and SNS°= 2.

The support for any vector u € R?, denoted supp(u) C [d], is the set of indices corresponding to
nonzero entries of w. Thus, supp(u) is the smallest set that satisfies wgypp(u) = u.

We now define the compatibility condition:

DEFINITION 2 (COMPATIBILITY CONDITION). The compatibility condition is met for the index
set S C [d] and the matrix X € R¥? if there exists ¢ > 0 such that, for all u € R? satisfying
lluse|lr < 3||us|1, it holds that

S
sl < 2} (w7 s0)

AssumMPTION 3 (Compatibility Condition). The compatibility condition (Definition 2) is

met for the index set S = supp(0*) and gold sample covariance matric ¥ 04 with constant ¢ > 0.

Our third assumption is critical to ensure that the bias term 0* is identifiable, even if ng.q < d.
This assumption (or the related restricted eigenvalue condition) is standard in the literature to
ensure the convergence of high-dimensional estimators such as the Dantzig selector or LASSO
(Candes and Tao 2007, Bickel et al. 2009, Bithlmann and Van De Geer 2011).

It is worth noting that Assumption 3 is always satisfied if ¥, is positive-definite. In particular,
letting ¢ > 0 be the minimum eigenvalue of /.4, it can be easily verified that the compatibility

condition holds with constant ¢y = /¢ for any index set. Thus, the compatibility condition is

* Note that this does not imply that 3}, is sparse, e.g., u= 21 € R? satisfies ||u], =1 but [u], =d.
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strictly weaker than the requirement that 3., be positive-definite. For example, the compatibility
condition allows for collinearity in features that are outside the index set S, which can occur often
in high-dimensional settings when |S| = s < d (Biithlmann and Van De Geer 2011). Thus, even

when 37, is not identifiable, we may be able to identify the bias 6* by exploiting sparsity.

3. Baseline Estimators

We begin by describing four commonly used baseline estimators. These include naive estimators
trained only on gold or proxy data, as well as two popular heuristics (model averaging and weighted
loss functions). We prove corresponding lower bounds on their parameter estimation error R(-, 8;,,)

with respect to the true parameter f3;,,.

3.1. OLS/Ridge Estimator on Gold Data

One common approach is to ignore proxy data and simply use the gold data (the most appropriate

data) to construct the best possible predictor. Since we have a linear model, the ordinary least

squares (OLS) estimator is the most obvious choice: it is the minimum variance unbiased estimator.
However, it is well known that introducing bias can be beneficial in data-poor environments. In

other words, since we have very few gold samples (1404 is small), we may wish to consider the

regularized ridge estimator (Friedman et al. 2001):

1

ngold

) = argmin

H}/gold - Xgoldﬂ”i + )\ Hﬁ@} )

where we introduce a regularization parameter A > 0. Note that when the regularization parameter

ridge (O) __ AOLS

A =0, we recover the classical OLS estimator, i.e., 8,4 = Byoid -

THEOREM 1 (Gold Estimator). The parameter estimation error of the OLS estimator on gold

data (Xgoid, Yyora) is bounded below as follows:

. . 202 .
R (B;)(fds7ﬁgold> > d\/ #zd
go
_ O ( do—gold )
\/ngold .

The minimum parameter estimation error of the ridge estimator on gold data (Xyea, Ygora) across

all choices of the regularization parameter A >0 is bounded below as follows:

> dagold/\/ 2w
T byMgotd +dogean/2/T

min R (3;7560)7 B;old>

A>0

_ O ( dagold )
RV ngold + dagold '
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The proof is given in Appendix A.1. Note that this result uses the optimal value of the regularization
parameter X\ to compute the lower bound on the parameter estimation error of the ridge estimator.
In practice, the error will be larger since A would be estimated through cross-validation.
Theorem 1 shows that when the number of gold samples is moderate (i.e., ngoa > dogoa),
the ridge estimator recovers the OLS estimator’s lower bound on the parameter estimation error
O (do gorda/Ngora). However, when the number of gold samples is very small (i.e., ngoa S dogoa), the
ridge estimator achieves a constant lower bound on the parameter estimation error O(1). This is
because the ridge estimator will predict B;Z’de()\) =0 for very small values of ny,q, and since we

have assumed that Hﬁ;‘oldH , <b=0(1), our parameter estimation error remains bounded.

3.2. OLS Estimator of Proxy Data

Another common approach is to ignore the gold data and simple use the proxy data to construct
the best possible predictor. Since we have a linear model, the OLS estimator is the most obvious
choice; note that we do not need regularization since we have many proxy samples (7,0, is large).

Thus, we consider:

Bproaﬂy = arg mgn { [Yprozy — Xprowym‘g} :

proxy

THEOREM 2 (Proxy Estimator). The parameter estimation error of the OLS estimator on

prozy data (Xprozy, Yprozy) i bounded below as follows:

A * 1 * Uz%roa:y
R (Byrowys Biaa) = max $ 2 0°] oy [ 522

2T Nprozy

d TOoXx
0 (|6*||1+“” ) |
v prozy

The proof is given in Appendix A.2. Since 7,4, is large, the second term in the parameter estima-

tion error dop,eay/\/Mproay is small. Thus, the parameter estimation error of the proxy estimator
is dominated by the bias term |§*||,. When the proxy is “good” or reasonably representative of
the gold data, ||0*||, is small. In these cases, the proxy estimator is more accurate than the gold
estimator, explaining the widespread use of the proxy estimator in practice even when (limited)

gold data is available.

3.3. Model Averaging Estimator

One heuristic that is sometimes employed is to simply average the gold and proxy estimators:
501}9()\) = (1 - )‘) : /Bgoo%f +A- ﬁpramy )

for some averaging parameter A € [0, 1]. Note that A =0 recovers Bgoo%ds (the OLS estimator on gold

data) and A =1 recovers .05, (the OLS estimator on proxy data).
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THEOREM 3 (Averaging Estimator). The minimum parameter estimation error of the aver-
aging estimator on both gold and proxy data (Xgoid, Ygords Xprowys Yprozy) across all choices of the

averaging parameter A € [0,1] is bounded below as follows:

. A . do old 1 do rox
min R ( avg(N), By, > > min{ — =225 Z||6%]], + — =22
X€[0,1] Bavg(N): Bgara) 2 {3,/27Tngold 6 o1l 3\ 2T Nprony

d olLa d TOXT1
_ O(min{ Tgold Ha*ul+m}> .
ngold vV n;m“oxy

The proof is given in Appendix A.3. Note that this result uses the optimal value of the averaging

parameter A to compute the lower bound on the parameter estimation error of the averaging
estimator. In practice, the error will be larger since A would be estimated through cross-validation.

Theorem 3 shows that the averaging estimator does not achieve more than a constant factor
improvement over the best of the gold and proxy OLS estimators. In particular, the lower bound
in Theorem 3 is exactly the minimum of the lower bounds of the gold OLS estimator (given in
Theorem 1) and the proxy OLS estimator (given in Theorem 2) up to constant factors. Since the
averaging estimator spans both the proxy and the gold estimators (depending on the choice of \),
it is to be expected that the best possible averaging estimator does at least as well as either of

these two estimators; surprisingly, it does no better.

3.4. Weighted Loss Estimator
A more sophisticated heuristic used in practice is to perform a weighted regression that combines
both datasets but assigns a higher weight to true outcomes. Consider:

1

)\ngold + nprozy

Bweight(A) = arg mﬂin { : ()\HYgold - Xgoldﬁ”% + ||Yprozy - Xproxy/BHg) } )

for some weight A € [0,00). Note that A = oo recovers Ag)ﬁf (the OLS estimator on gold data) and

A =0 recovers Bpmwy (the OLS estimator on proxy data).

THEOREM 4 (Weighted Loss Estimator). The minimum parameter estimation error of the
weighted estimator on both gold and prozy data (Xgoias Ygoid Xprozys Yprosy) across all choices of the

weighting parameter A > 0 is bounded below as follows:

it R (Bueigns(V), Fjg) > min {?)d;’m S+ 3;[;”*}
= 0 (min{ ey, 4 oo h)

The proof is given in Appendix A.4. Note that this result uses the optimal value of the weighting

parameter A\ to compute the lower bound on the parameter estimation error of the weighted loss

estimator. In practice, the error will be larger since A would be estimated through cross-validation.
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Theorem 4 shows that the more sophisticated weighted loss estimator achieves exactly the same
lower bound as the averaging estimator (Theorem 3). Thus, the weighted loss estimator also does
not achieve more than a constant factor improvement over the best of the gold and proxy estimators.
Since the weighted estimator spans both the proxy and the gold estimators (depending on the
choice of \), it is to be expected that the best possible weighted estimator does at least as well as
either of these two estimators; again, surprisingly, it does no better.

As discussed earlier, prediction error is composed of bias and variance. Training our estimator
on the true outcomes alone yields an unbiased but high-variance estimator. On the other hand,
training our estimator on the proxy outcomes alone yields a biased but low-variance estimator.
Averaging the estimators or using a weighted loss function can interpolate the bias-variance tradeoff

between these two extremes, but provides at most a constant improvement in prediction error.

4. Joint Estimator
We now define our proposed joint estimator, and prove that it can leverage sparsity to achieve

much better theoretical guarantees than common approaches used in practice.

4.1. Definition

We propose the following two-step joint estimator Bjm-m()\):
. . 1
Step 1:  B,r0ry = argmin { | Ypromy — Xpmxyﬁﬂz}
B Nprozy

5 . 1 A
Step 2 Bjoune(A) = argmin {n ¥aota = XgotaBll; + A |8 = By
gold

1} . (1)

Both estimation steps are convex in 3. Thus, there are no local minima, and we can find the global
minimum through standard techniques such as stochastic gradient descent. Note that the first step
only requires proxy data, while the second step only requires gold data; thus, we do not need both
gold and proxy data to be simultaneously available during training. This is useful when data from
multiple sources cannot be easily combined, but summary information like Bpmwy can be shared.
When the regularization parameter A is small, we recover the gold OLS estimator; when ) is large,
we recover the proxy OLS estimator. Thus, similar to model averaging and weighted loss functions,
the joint estimator spans both the proxy and the gold estimators (depending on the choice of \).
However, we show that the joint estimator can successfully interpolate the bias-variance tradeoff
between these extremes to produce up to an exponential reduction in estimation error.
Intuitively, we seek to do better by leveraging our insight that the bias term §* is well-modeled
by a sparse function of the covariates. Thus, in principle, we can efficiently recover §* using an £;

penalty. A simple variable transformation of the second-stage objective (1) gives us

Yqold - :){-gold((S + BPTOI?/)

5(\) =arg n%in {

I8l } 2

Ngold ‘
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where we have taken § = (5 — ﬁp,.owy. Our estimator is then simply Bjoint()\) =4 (N + /ﬁ’p,.owy, where
Bprowy is estimated in the first stage. In other words, (2) uses the LASSO estimator on gold data
to recover the bias term with respect to the proxy estimator Bpmxy. We use the ¢; penalty, which
is known to be effective at recovering sparse vectors (Candes and Tao 2007).

This logic immediately indicates a problem, because the parameter we wish to converge to in
(2) is not actually the sparse vector ¢*, but a combination of ¢* and residual noise from the first

stage. We formalize this by defining some additional notation:

v = BPTOIZ/ - Bgroacy ’ (3)

= Bgota — Bprowy =0 —v. (4)

S

Here, v is the residual noise in estimating the proxy estimator Bpmmy from the first stage. As a
consequence of this noise, in order to recover the true gold parameter f3;,, = 6+ Bp,-owy, we wish
to recover ¢ (rather than 6*) from (2). Specifically, note that the minimizer of the first term in (2)
is & and not &*. However, § is clearly not sparse, since v is not sparse (e.g., if the noise €,,4y is a
gaussian random variable, then v is also gaussian). Thus, we may be concerned that the LASSO
penalty in (2) may not be able to recover b at the exponentially improved rate promised for sparse
vectors (Candes and Tao 2007, Bickel et al. 2009, Bithlmann and Van De Geer 2011).

On the other hand, since we have many proxy outcomes (7., is large), our proxy estimation
error ||v||, is small. In other words, § is approzimately sparse. We will prove that this is sufficient

for us to recover ¢ (and therefore Bo1a) at an exponentially improved rate.

4.2. Main Result
We now state a tail inequality that upper bounds the parameter estimation error of the two-step

joint estimator with high probability.

THEOREM 5 (Joint Estimator). The joint estimator satisfies the following tail inequality for

any chosen value of the reqularization parameter A > 0:

v

The proof is given in Section 4.4 with supporting lemmas in Appendix B. The regularization
Bjoint()\) - /B;OZdHl Wlth the

probability that the bound holds. If A is too small, the guarantee in Theorem 5 becomes trivial,

. 1 1 S AN Ngola N’n
N o > L8 <9 _ 7t "tgold 9 _ L prowy )
B =i, 2 53 (g4 5+ 55) | < 2o (-5 ) #2057 )

gold proxy

parameter trades off the bound on the parameter estimation error

since the probability of deviation is upper bounded by 1. Thus, A must be chosen appropriately to

achieve a reasonable bound on the parameter estimation error with relatively high probability.



16

In a typical LASSO problem, an optimal choice of the regularization parameter is \ =
O (ogold /A /ngold). However, in Theorem 5, convergence depends on both gold and proxy data. In

Corollary 1, we will show that in this setting, we will need to choose

\ = (,j ( Ogold + daprozy ) )
\/ngold \/npromy

In the next subsection, we will compute the resulting estimation error of the joint estimator.

REMARK 1. We can extend our result in Theorem 5 to prove bounds on the ¢y estimation
Bjoint — Boa|| by replacing our compatibility condition (Assumption 3) with a restricted
2

eigenvalue condition (Candes and Tao 2007, Bickel et al. 2009). This extension is provided in

error ‘

Appendix D, and consistent with the literature, yields bounds that scale as /s rather than s.

4.3. Comparison with Baselines
We now derive an upper bound on the expected parameter estimation error of the joint estimator,
in order to compare its performance against the baseline estimators described in Section 3.

Bjoint = Byota

ability. However, to derive an upper bound on R(-), we also need to characterize its worst-case

From Theorem 5, we know that our estimation error ‘ ‘ is small with high prob-
1

magnitude. In order to ensure that our estimator 3,,,+ never becomes unbounded, we consider the

Str
joint*

truncated joint estimator In particular,

Atr _ Bjoint lf /Bjoint
joint —

0 otherwise.

<2,
1

Recall that b is any upper bound on Hﬁgode . (Assumption 1), and can simply be considered a large
constant. The following corollary uses the tail inequality in Theorem 5 to obtain an upper bound

on the expected parameter estimation error of the truncated joint estimator.

COROLLARY 1 (Joint Estimator). The parameter estimation error of the truncated joint esti-
mator on both gold and proxy data (Xyed, Ygord, Xprowy, Yprozy) s bounded above as follows:
~ 1 1 S )\Zn 1d )\QTL
R ( Join (A)75*01d> < 9A ( + -+ ) + 6bd <exp (‘go +exp | —o .
goint 9 dop2  p 292 20002()[ d 2d*02, .,

Let C >0 be any tuning constant. Taking the regularization parameter to be

A = Cmax 2000;0ld lOg (dengOld) 2d20§”’1y log (denp“my) = @ < Ogold + dO’p'r’oxy >
ngold ’ \/ngold \/inowy )

Nproxy

yields a parameter estimation error of order

- - " SO0 sdo TOX
R ( ;2i7lt(A)’ ﬁgold) =0 (max {gld 10g (dngf’ld) ) — lOg (dnprozy)}> .

ngold nprozy
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The proof is given in Appendix B.2. The parameter estimation error R ( A%mt(S\), B;‘Old> cleanly
decomposes into two terms: (i) the first term is the classical error rate of the LASSO estimator if
Boia (rather than 6*) was sparse, and (ii) the second term is proportional to the error of the proxy

estimator if there were no bias (i.e., 6* =0).

Parameter Estimation Error

Estimator (up to constants) Bound Type
dog,
Gold OLS L9gold. Lower
v Ngold
dog,
Gold Ridge Sl — Lower
vV ngold + dagold
d TOoXx
Proxy OLS 6%, + Soprozy Lower
v Nproxy
. . dagold do_prozy
Averaging min o, + —= Lower
V nQOld AV4 npromy
d (e} d Tox
Weighted min M, l0%|, + Sprozy Lower
RV ngold \ nprozy
O d Tox
Truncated Joint max 59gold. log (dngeia) , 54 prozy log (dnprowy) Upper
ngold nprozy

Table 1 Comparison of parameter estimation error across estimators.

Comparison: For ease of comparison, we tabulate the bounds we have derived so far (up to
constants) in Table 1. Recall that we are interested in the regime where n,,.., is large and nyuq
is small. Even with infinite proxy samples, the proxy estimator’s error is bounded below by its
bias ||6*||,. The gold estimator’s error can also be very large, particularly when ng,q < d. Model
averaging and weighted loss functions do not improve this picture by more than a constant factor.
Now, note that in our regime of interest,

S0 gold < dUgold and Sdaprozy < ”5*"1 n dO’pmxy

vV ngold \ ngold vV nprozy RV npro:z:y '

The first claim follows when s < d (i.e., the bias term §* is reasonably sparse), and the second claim

follows when [|0*||, > sd0proay/\/Tprosy (i-€., the proxy estimator’s error primarily arises from its
bias §* rather than its variance, and s is small). Thus, the joint estimator’s error can be significantly
lower than popular heuristics in our regime of interest.

Sample Complexity: We can also interpret these results in terms of sample complexity. Let the
decision-maker target a nontrivial parameter estimation error £ < [|6*||,. As noted earlier, even an

infinite number of proxy observations will not suffice, and one requires some gold data. Based on the
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bounds in Table 1, it can easily be verified that the gold OLS/ridge, model averaging and weighted
loss functions require nyq = O (dzajold/£2) regardless of the number of proxy observations. In
contrast, the joint estimator only requires 14,4 = O (82030ld log® <d- Jgé_ﬂ) / 52) as long as Nyrowy 2
O <32d2012,mzy log” (d- %) /§2>. In other words, when sufficient proxy data is available, the

number of gold observations required is exponentially smaller in the dimension d.

4.4. Proof of Theorem 5
We start by defining the following two events:

2
7= {2 gl <20} 5
ngold
T = {IX om0} Q

where we have introduced two new parameters Ay and A;. We denote the complements of these
events as J¢ and Z¢ respectively. When events J and Z hold, the gold and proxy noise terms
Egota and €pyopy are bounded in magnitude, allowing us to bound our parameter estimation error
(ERE:

We will choose the parameters Ay and A, later to optimize our bounds.

. Since our noise is subgaussian, J and Z hold with high probability (Lemmas 4 and 5).
1

LEMMA 1. On the event J, taking \ > by, the solution 5 to the optimization problem (2)

satisfies
5A%s
202

Proof of Lemma 1 Since the optimization problem (2) is convex, it recovers the in-sample global

< 5

X, oa|l2 + 5\
C S T [Xgorav|l5 +5A [V, +

AHS—S

minimum. Thus, we must have that
1 N
- ‘ }/tqold - Xgold <(5 + Bprozy)

2 s 1
+/\H5 < 7‘
ngold 2

1 ngold

2 -
+)\H6
2

}/gold - Xgold (5 + Bprozy)

) .
SubStituting }/gold = Xgoldﬁg]kold + E:gold = Xgold (8 + Bpromy) + 5gold ylelds

1 L
- Xgold (5 - 5) + Egold

ngold

1

ngold

2+/\H8
2

o

~ ~ 2 ~ ~ 2 ~ ~
Expanding HXgold ((5 — (5) +5gold ) = HXgold (5 — (S) HQ + HEQOMHE + 26_(;rolng01d (5 — (5) and can-

celling terms on both sides gives us

R G- B) A3, < X (5-8) +2]]. )
By Holder’s inequality, when 7 holds and A\ > 5\, we have
ig;’ldxg”ld (8 B 5) < L € goraXgota| . - Hé K
Ngold Ngold o0 1
< % 53] -
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Substituting into Eq. (7), we have on J that

)

ngold

2 ~
+5)\H5
2

X o1 (S _ 3)

IN

AHS—S

+5AHS
1

1 1

_ /\H5—5*+VH +5A[0% — v, (8)
1

where we recall that v = 6* — 4. The second line uses v to express the right hand side in terms of
§* so that we can ultimately invoke the compatibility condition on 4 (Definition 2). To do this, we
must first express § in terms of its components on the index set S = supp(d*).

By the triangle inequality, we have
5 ds

4]

1 1

1851, - |8 - o3

v

|
1

1

Similarly, noting that §%. =0 by definition of S, we have

Hg—é*vLy

< |[ds-oz
1

T+ HSSC

- (10)
Collecting Eq. (9)—(10) and substituting into Eq. (8), we have that when J holds,

(i)

ngold

2 .
+4)\Hésc
2

< 6A HSS e
1

6], (11)

Ideally, we would now invoke the compatibility condition (Definition 2) to u = 6 — 6" to bound

s

in Eq. (11) above. However, this requires u to satisfy ||usc|[1 < 3||us||1, which may not
1

, or (ii)
1

<|lv||,. In Case (i), we will invoke the compatibility condition to prove our finite-sample
1

hold in general. Thus, we proceed by considering two cases: either (i) ||v||, < HSS —5;‘

o

guarantee for the joint estimator, and in Case (ii), we will find that we already have good control
over the error of the estimator.

Case (i): We are in the case that |v||, < H(;S — 0%

, so from Eq. (11), we can write on J,
1

5

ngold

2 .
+4AH556
2

ngold (5-9) < 12/\HSS—5§

1

Dropping the first (non-negative) term on the left hand side, we immediately observe that

’
1

e

[

< 3H85—5;
1

so we can apply the compatibility condition to u= 6 — 8*. This yields

j < = (8-0") Sgoua (§-07) .

g — 0% p
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Taking the square-root, we get

N

bs—ayl| < aa (5-07) 12
HS Sl = by /Mgoia Kgota 2 (12)
Separately, when Case (i) and J hold, we can further simplify
2 P, = o2 il
< Xgota (5= 8) ||, +4x|[ds — 05| +4x [0
- ngoldH gld< ) 2+ o S1+ s 1
+4A vl
< 10A||ds = &7 + 101l
1

where we used Eq. (10) in the first inequality and Eq. (11) in the second inequality. We can now
proceed by applying Eq. (12)

10Ay/5 .
< e
o > oo (3 5) < o ota (807 || +10A |,
10A2s
< * 1UA"s
B 2nqold ng()ld (5 0 ) ‘ +10)\H ”1 ¢
5 -
< _
< X (8 ). 2+ngo X gorav 3 + 10X [
10\%s
I

where the second and third inequalities follow from the facts that 10ab < 5a?/2+10b? and (a+b)? <
2a* 4+ 2b* for any a,b € R. Then, when J and Case (i) hold, we have that
5)

o 4ngold

5\ 5A2s
IIXgode||§+7HV||1+T¢2. (13)

Case (ii): We are in the case that H(;S — 0%

X yota (5 - 8) z

In this case, we do not actually need to invoke the compatibility condition. When J and Case (ii)
5

- N 2
X o4 (5 - 5)
ngold 2

+4x][vl

<|lv|l,, so Eq. (11) implies on J,
1

5

ngold

+4>\H35c
1

< 122y, - (14)

hold, we can directly bound

o Xoms 5-5)]

<

44 Hésﬂsg

+4>\H$Sc
1 1

< 20A (vl

where we used Eq. (10) in the first inequality and Eq. (14) as well as the fact that HS s — 0%

<
Zlwl,

in the second inequality. Dropping the first (non-negative) term on the left hand side yields

)\H5—3H1 < Ay, - (15)
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Combining the inequalities from Eq. (13) and (15), the following holds in both cases on 7,

5X\%s
\|Xgold’/||§+5)\HVHl+T¢2- (16)

5

4ngold

Ao-dl, <

O

In other words, we have shown that we can bound HS ) H1 with high probability when v (the
approximation error of Bpmzy) is small. We expect this error to be small since the number of proxy
samples 7,04, 18 large. The next lemma bounds the terms that depend on v on the event Z. The

proof is given in Appendix B.1.

LEMMA 2. On the event T, we have that both

dng, d\
Qig“ul, and Huulgﬁ

proxy proxry

X gotavll; <

1

The next lemma simply applies these bounds on v to the bound we derived earlier on HS )

LEMMA 3. On the events J and I, taking \ > b\, the solution 5 to the optimization problem
5d A 5vVdAi  BAs

(2) satisfies
6—0| < :
H 1 4w2n§romy)\ /l/)np"“owy 2¢2
Proof of Lemma 8 The bound follows from applying Lemma 2 to the result in Lemma 1. [

Lemma 3 shows that we can bound our parameter estimation error on the events 7 and Z. The
next two lemmas use a concentration inequality for subgaussian random variables to show that

these events hold with high probability. Their proofs are given in Appendix B.1.

LEMMA 4. The probability of event J is bounded by

2
Pr[7] > 1-2dexp <A0”;"”d> .
8o-gold
LEMMA 5. The probability of event T is bounded by
Pr(7] > 1-2d ( Al )
T > 1—2dexp| ———7+—"—— .
QdUgroxynprowy

We now combine Lemmas 3, 4, and 5, and choose values of our parameters Ay and \; to complete
our proof of Theorem 5.

Proof of Theorem 5 By Lemma 3, the following holds with probability 1 when the events J
and 7 hold, and A > 5,

5dA1 4 5\/ dAl 5As

LT A2 N Vnpreny 207

i
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Recall that Ay, A\; are theoretical quantities that we can choose freely to optimize our bound. In
contrast, A is a fixed regularization parameter chosen by the decision-maker when training the
estimator. Then, setting Ao = A\/5, we can write

Pr > 5d)\1 + 5\/ d)\l 4248 BAs
1 4¢2 p'ro;vy)\ wnprory 2¢2

‘5—3

IN

1-Pr[7 NI

< Pr[J°) +Pr[Z°]

A2ng, A
< 2dexp< 20(;%21[1) +2dexp< m> .
proxy

gold prowy
The second inequality follows from a union bound, and the third follows from Lemma 4 (setting
Ao =2A/b) and Lemma 5. By inspection, we choose
2 2
Al — TI/Z)”‘QCZ‘yA
d )
yielding

5 1 1 8 N Ngord A\n
Pr |: - Z oA < +—+ ):l S Qdexp ( ~_99¢ =+ 2dexp _ - proxy .
4 297 20002, 28202,

Finally, we reverse our variable transformation by substituting ﬁjomt =5+ Bpmxy and B;old =

S+ Bpmzy, which gives us the result. [

4.5. Nonlinear Predictors
Thus far, we have focused on linear predictors. Our joint estimator in Section 4.1 can be adapted

to any M-estimator given its parametric empirical loss function £(-) as follows:

prowy

Nproxy
Step 1: Bpmxy —argmln { Z ﬁ B, X;ﬁ,owy,};(ﬁoxy)} ,

Step 2t Bjoim(A )—argmln { QZOZ E(ﬂ, gold, gozd> +)\H5 Borosy 1} . (17)

Ngold “—5
Our proof techniques for bounding the resulting parameter estimation error generalize straightfor-
wardly as long as £(+) is convex and satisfies mild technical assumptions (in particular, the classical
margin condition, e.g., see Negahban et al. 2009, Bithlmann and Van De Geer 2011). To illustrate,
in this section, we extend our theoretical guarantees to the family of generalized linear models.
Preliminaries: We start by defining some additional notation. Under the variable transformation

0=p— Bpmxy, let the in-sample loss function on the training set (X,Y) be
L X,Y)= ZE (5+5pmy7 (z)’Y(i)) .

Then, the second-stage objective (17) can be re-written as

()= argm(sin L(6; Xyotd Ygora) + |61, - (18)



23

L(5) (recall that § # 6* because we only
). We define the empirical process w(¢), and the expected

Once again, we define the optimal parameter 8§ = ming Ee 4

have access to Byr0zy rather than g, .

error £(9) relative to the expected error of the optimal parameter ) respectively as

w(d) = L(d) — E,,,L(5),

E@O)=E. , L(6)—E.  L(5).

€gold €gold

The margin condition essentially states that £(d) is lower bounded by a positive quantity that
scales with H5 )

, i.e., the loss function £(-) evaluated on (X o4, Yyo1a) cannot be “flat” around
the optimal parameter &; if this is not the case, then we cannot distinguish the optimal parameter
from nearby parameters on the training data. This is a standard assumption in the classification
literature (Tsybakov et al. 2004), and has previously been adapted to studying nonlinear M-
estimators in high dimension (Negahban et al. 2009). Generalized linear models with strongly
convex inverse link functions naturally satisfy a quadratic margin condition (see Lemma 6).
Generalized Linear Models: A generalized linear model with parameter 8 and observation x has

outcomes distributed as
y~exp(yx' B—A(x"B)+B(y)) ,

where A and B are known functions. Under this model, E[y | x] = u(x" ) and Var[y | x] = u' (x 3),
where u = A’ is the inverse link function. For instance, in logistic regression, we have binary
outcomes y with u(z) =1/(1+exp(—=z)); in Poisson regression, we have integer-valued outcomes y
with p(z) =exp(z); in linear regression, we have continuous outcomes y with u(z) = z.

The resulting maximum likelihood estimator is 3 = arg ming S {—ux{ B+ Ax/B) - By)}
(see, e.g., McCullagh and Nelder 1989), implying the corresponding in-sample loss function

L(5; X,Y)= zn: {—yixj (5 + B,,my) +A (xiT (6 + Bpmy» - B (yi)} : (19)

In order to ensure convexity and the margin condition, we now impose that A is strongly convex.
This assumption is mild and is satisfied by any strictly increasing inverse link function, e.g., all
the examples given above (logistic, Poisson, linear) satisfy strong convexity on a bounded domain.

Note that Assumption 1 and our deterministic design matrix ensure that our domain is bounded.

ASSUMPTION 4. The function A(-) is strongly convex with parameter m >0, i.e., for all points
x,x’ in its domain,

Al@)—A(z) > A(x)- (2" —2) +m(z' —)?/2.

As noted earlier, generalized linear models with strongly convex inverse link functions naturally

satisfy a quadratic margin condition as follows.
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LEMMA 6 (Margin Condition). For any 6 in its domain, a generalized linear model satisfying

Assumption 4 also satisfies

m 2

E(0) >

53

2Ngo1d 2
The proof of Lemma 6 is given in Appendix C.1. This result ensures that we can distinguish é from
other parameters on the training data when there is no noise.

We now have all the pieces required to establish a tail inequality that upper bounds the parameter

estimation error of the two-step joint estimator with high probability for generalized linear models.

THEOREM 6. The nonlinear joint estimator satisfies the following tail inequality for a generalized

linear model and any chosen value of the reqularization parameter A > 0:

5A /1 1 s NN gora An
> 22 2 1L ] <« _ Ao _ A Mprozy |
Pr U 1 m (81/12 + ) + ¢2>} < 2dexp ( 5002 +2dexp 2d202

gold proxy
The proof of Theorem 6 and associated lemmas is given in Appendix C. Note that this result

Bioint(N) = Bioa

is nearly identical to the result in the linear case (Theorem 5), with some small changes to the
constants and an additional dependence on the strong convexity parameter m related to the inverse
link function. As a result, the expected parameter estimation error also satisfies the same bound

as the linear case up to constants (see Corollary 2 in Appendix C.3).

4.6. Remarks
We now briefly discuss applying our proposed estimator in practice.

Cross-validation: While Corollary 1 specifies a theoretically good choice for the regularization
parameter A, this choice depends on problem-specific parameters that are typically unknown. In
practice, A is typically chosen using the popular heuristic of cross-validation (Picard and Cook
1984, Friedman et al. 2001). In Appendix F.1, we show that the two approaches attain very similar
performance. A related literature investigates the consistency of estimators that use cross-validation
for model selection (see, e.g., Li et al. 1987, Homrighausen and McDonald 2014); future work could
analogously study asymptotic properties of the joint estimator with cross-validation.

Scaling: When the gold and proxy outcomes are different, it may be useful to perform a pre-
processing step to ensure that both outcomes have similar magnitude. In Example 1, clicks are
roughly 10x as frequent as purchases. Thus, in our numerical experiments, we scale down the
responses Y., by this factor to ensure that the responses are of similar magnitude in expectation.
i.e., El|ygora(X)|] = E[|Yprozy (x)|] for the same feature vector x. The scaling constant is typically
known, or can be easily estimated from a hold-out set. While this step is not required for the

theory, it helps increase the similarity between 3;,, and £, making it more likely that we can

proxy’

successfully estimate the bias * using a simple (sparse) function.
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Combined estimation: Our proposed two-step estimator does not require the simultaneous avail-
ability of gold and proxy data for training. This is an important feature in settings such as health-
care, where data from different sources often cannot be combined due to regulatory constraints. It
also yields a simpler statistical analysis. However, if both sources of data are available together, one
could alternatively combine the two-step estimation procedure, and directly estimate both Bgold()\)

and Bpmzy(/\) using the following heuristic:

{ﬁgold()\)a /BpT’OIy(A)} - arg mln “Y;old - Xgoldﬁgold”; + ||}/:uroz'y - Xproa:yﬁproz‘y”; +)\ Hﬁp'f‘omy - 6goldH1

5gold 1ﬁprozy

@(ngold) @(npmry)

VTprozy
normalization suggested by Corollary 1. The expression above is for the linear case, but one can

We suggest choosing the regularization parameter A = @) (Ugold\/ngold + W) to match the

also consider nonlinear generalizations as in Section 4.5.

It is worth examining the regime where 7,05y > n4014. In this case, the combined estimator actu-
ally decouples into our two-step procedure in Eq. (1). This is because the second term, which scales
as O(Nprory), dominates the objective function so Bpmw ~argming | Yproy —XpmxyﬁpmmyHg.
Once this value is fixed for Bpmmy, the remaining optimization problem over f3,,4 trivially reduces
to the second step of our proposed estimator. Consistent with this observation, we simulate the
combined estimator in Appendix F.1, and find that its performance essentially matches that of the
two-step joint estimator. Next, note that the first term of the combined estimator’s objective scales
as O(ngo1a) while the third term scales as ©(,/Mgora) When 1,00y, > ngora- Thus, when ngyeq is small,
the regularization term will be large relative to the first term so Bgold will be strongly regularized
towards Bpmzy; however, when n,,4 becomes large, the first term will dominate the third term so

we will eventually obtain the OLS estimate /B\gold A arg minﬁgold 1Ygo1a — Xgozdﬁgom”z-

5. Experiments
We now test the performance of our proposed joint estimator against benchmark estimators on

both synthetic and real datasets.

5.1. Synthetic
We will consider two cases: (i) a sparse bias term §* (matching our assumptions and analysis), and
(ii) a non-sparse bias term 0* (i.e., s=d).

Data Generation: We set 105y = 1000, 14014 = 150, 14e5; = 1000, d = 100, and fix our true param-
eter 3, =1 € R? We generate our proxy observations Xz, € R™rowv*¢ from a multivariate
normal distribution with mean 0 and a random covariance matrix generated as follows: (i) draw
a random matrix in R4*¢ whose entries are uniform random samples from [0, 1], (ii) multiply the

resulting matrix with its transpose to ensure that it is positive-definite, and (iii) normalize it with
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its trace. We take X4 € R"901a*4 to simply be the first Ngota TOWS of X050y, and we additionally
generate a test set X;oo; € R™estX4 in the same way we generate Xyrozy- Our data-generating pro-
cess is the simple linear model, with Y, 0zy = X014 (5;‘old — (5*) + Eprozys Ygoid = XgotdByora + Egolds
and test set responses Yico = Xiest Byo1q T Etest- All n0iSe terms are €prouy ;s €gotd, Etest ~N(0,1).

We study both sparse and non-sparse realizations of ¢*. In the sparse case, ¢* is a randomly
drawn binomial vector 0.1 x B(d,0.1), i.e., s < d. In the non-sparse case, §* is a randomly drawn
gaussian vector N(0,0.15 x 1), i.e., s = d. These parameters were chosen to keep the performance
of the proxy and gold estimators relatively similar in both cases.

Estimators: The gold and proxy estimators are simply OLS estimators on gold and proxy data
respectively. The averaging, weighted, and joint estimators require a tuning parameter \: for these,
we split the gold observations randomly, taking 70% to be the training set and the remaining 30%
to be the validation set. We then train models with different values of A on the training set, and
use the mean squared error on the validation set to choose the best value of A for each estimator
in the final model (Friedman et al. 2001). Finally, we consider an “Oracle” benchmark that has

advance knowledge of the true (random) bias term ¢*, and adjusts the proxy estimator accordingly.
2

~

}/;fest - Y

1
Ntest

Fvaluation: Our evaluation metric is the average out-of-sample prediction error

)
2

where Y are the predictions of an estimator on the test set X,..;. We average our results over 100

trials, where we randomly draw all problem parameters in each iteration.

3- 3=
2= 2d
1_ .. 1_ I.
0- 0-

Gcluld Pr(l)xy AverzlagingWeigihted Jo'int Orécle Gcluld Pr(l)xy AverégingWeidhted Jo'int Ora;cle

Error
Error

(a) Sparse bias term (b) Non-sparse bias term

Figure 1 Out-of-sample prediction error and 95% confidence intervals of different estimators on synthetic data.

Results: Figure la shows results for the sparse bias term, while Figure 1b shows results for the
non-sparse bias term (error bars represent 95% confidence intervals). We see that the joint estimator
performs the best (excluding the oracle) in both the sparse and non-sparse cases. Sparsity does not
appear to significantly affect the performance of any of the estimators except the joint estimator.

In the sparse case, the joint estimator is very close to the oracle (i.e., we don’t pay a significant
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price for not knowing the bias §*), since we are able to recover a very close approximation of §*.
However, in the non-sparse case, the joint estimator yields only a slight improvement over the
weighted estimator, and a sizeable gap remains between the oracle and the joint estimators (i.e., we
pay a significant price for not knowing ¢*). Thus, the joint estimator successfully leverages sparsity

when present, but still performs comparably or better than popular heuristics otherwise.

5.2. Recommendation Systems

Product variety has exploded, creating high search costs. As a consequence, many platforms offer
data-driven recommendation systems that match customers with their preferred products. For
example, Expedia is one of the world’s largest online travel agencies, and serves millions of travelers
a day. “In this competitive market matching users to hotel inventory is very important since users
easily jump from website to website. As such, having the best ranking of hotels for specific users
with the best integration of price competitiveness gives an [online travel agency| the best chance
of winning the sale” (ICDM 2013). To inform these rankings, the goal is to train a model that can
effectively predict which hotel rooms a customer will purchase.

In these settings, there are typically two outcomes: clicks and purchases. While purchases are the
true outcome of interest, they are few and far between, making it hard to train an accurate model.
On the other hand, clicks are much more frequent, and form a compelling proxy since customers
will typically click on a product only if they have some intent to purchase. As a consequence, many
recommendation systems use models that maximize click-through rates rather than purchase rates.
In this case study, we take clicks and purchases as our proxy and true outcomes respectively.

Data: We use personalized Expedia hotel search data that was made available through the 2013
International Conference on Data Mining challenge (ICDM 2013). We only consider the subset of
data where search results were randomly sorted to avoid position bias of Expedia’s recommendation
algorithm. After pre-processing, there are over 2.2 million customer impressions, 15 customer- and
hotel-specific features related to the search destination, and 2 outcomes (clicks and bookings). We
note that 0.05% of impressions result in a click, while only 0.005% result in a purchase. Thus, the
gold outcomes are an order of magnitude more sparse than the proxy outcomes.

More details on data pre-processing and model training are given in Appendix F.2.

Bias Term: Since we have a very large number of observations, we can train accurate logistic
regression models® 3% and 3, for clicks and bookings respectively. Fig 2 shows the difference in

proxy

the resulting parameter estimates, i.e., 6" = f3;,, — 5, We immediately observe that the bias is

proxy *

in fact rather sparse — nearly all the coefficients of §* are negligible (absolute value of the coefficient

is relatively close to 0), with the notable exception of the price coefficient. Thus, our assumption

® We use logistic instead of linear regression since both outcomes are binary.
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Figure 2 Difference in coefficients between a logistic regression predicting bookings and a logistic regression

predicting clicks on the Expedia personalized recommendation dataset.

that §* is sparse appears well-founded on this data. Moreover, we observe a systematic bias, where
the hotel price negatively impacts bookings far more than clicks. Intuitively, a customer may not
mind browsing expensive travel products, but is unlikely to make an expensive purchase. Thus,
using predicted click-through rates alone (i.e., the proxy estimator) to make recommendations
could result in overly expensive recommendations, thereby hurting purchase rates.

Setup: In the data-rich regime (over 2 million impressions), the gold estimator is very accurate
and there is no need for a proxy. We wish to study the data-scarce regime where proxies add value,
so we restrict ourselves to small random subsamples of 10,000 impressions. Since we have binary
outcomes, we use logistic rather than linear estimators. Note that 1404 = 1prosy, but the scarcity
of bookings relative to clicks implies that 0,00y < 0goia- Similar to the previous subsection, the
averaging, weighted, and joint estimators are trained on a training set, and their tuning parameters
are optimized over a validation set. Our oracle is the gold estimator trained on the full Expedia
dataset (over 2 million impressions) rather than the small subsample. Since we no longer have
access to the true parameter, we use predictive performance on a held-out test set to assess the
performance of our different estimators. Performance is measured by AUC (area under ROC curve),
which is more reliable than accuracy® in imbalanced data (Friedman et al. 2001). We average our
results over 100 trials, where we randomly draw our training and test sets in each iteration.

Results: Figure 3 shows the average performance on a held-out test set (error bars represent 95%
confidence intervals). We see that the joint estimator performs the best (excluding the oracle). In
particular, it bridges half the gap between the best baseline (weighted estimator) and the oracle.
In roughly 70% of the trials, the joint estimator identifies price as a source of bias in 4.

% Accuracy is a poor metric for imbalanced data: a trivial estimator that always predicts 0 (no purchase) achieves 99.4%

accuracy, since 99.4% of users do not purchase anything. A decision-maker would prefer an estimator that minimizes
false positives while maintaining some baseline true positive rate (i.e., identifying most purchasing customers).
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Figure 3 Predictive performance of different estimators on predicting bookings in the Expedia dataset.

5.3. Medical Risk Scoring

A key component of healthcare delivery is patient risk scoring. Identifying patients who are at
risk for a particular adverse event can help inform early interventions and resource allocation. In
this case study, we consider Type II diabetes. In 2012, approximately 8.3% of the world’s adult
population had diabetes, which is a leading cause of cardiovascular disease, renal disease, blindness,
and limb amputation (L&ll et al. 2017). To make matters worse, an estimated 40% of diabetics in
the US are undiagnosed, placing them at risk for major health complications (Cowie et al. 2009).
At the same time, several clinical trials have demonstrated the potential to prevent type II diabetes
among high-risk individuals through lifestyle interventions (Tuomilehto et al. 2011). Thus, our goal
is to accurately predict patient-specific risk for Type II diabetes to inform interventions.

There are typically two ways a healthcare provider can obtain a risk predictor: train a new
risk predictor based on its own patient cohort (true cohort of interest), or use an existing risk
predictor that has been trained on a different patient cohort (proxy cohort) at a different healthcare
provider. Training a new model can bring with it data scarcity challenges for small- or medium-
sized providers; on the other hand, implementing an existing model can be problematic due to
differences in physician behavior, shifts in patient characteristics, and discrepancies from how data
is encoded in the medical record. In this case study, we will take patient data from a medium-sized
provider as our gold data, and patient data pooled from two larger providers as our proxy data.

Data: We use electronic medical record data across several healthcare providers. After basic pre-
processing, we have roughly 100 features constructed from patient-specific information available
before his/her most recent visit, and our outcome is an indicator variable for whether the patient
was diagnosed with diabetes during his/her most recent visit. There are 980 patients in the proxy
cohort (other providers), and 301 patients in the gold cohort (target provider), i.e., Npromy => Ngold-

More details on data pre-processing and model training are given in Appendix F.3.
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Setup: Once again we have binary outcomes, so we use logistic rather than linear estimators.
Similar to the previous subsections, the averaging, weighted, and joint estimators are trained on a
training set, and their tuning parameters are optimized over a validation set. Since we no longer
have access to the true parameter, we use predictive performance on a held-out test set to assess the
performance of our different estimators. Performance is measured by AUC (area under ROC curve),
which is more reliable than accuracy” in imbalanced data (Friedman et al. 2001). We average our

results over 100 trials, where we randomly draw our training and test sets in each iteration.

o
D 0.80-
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Figure 4 Predictive performance of different estimators on predicting diabetes in a medical record dataset.

Results: Figure 4 shows the average performance on a held-out test set (error bars represent 95%
confidence intervals). We see that the joint estimator performs the best by a significant margin.

Managerial Insights: The improved performance of the joint estimator suggests that there is
systematic bias at play between the proxy and gold patient cohorts. A better understanding of these
biases can provide valuable managerial insights, and help inform better feature engineering and/or
improved models for risk prediction. Accordingly, we study the estimated bias term § across the
100 trials. We note that both the proxy and gold cohorts have similar rates of a diabetes diagnosis
in the most recent visit: 14% and 13% respectively (the difference is not statistically significant).

One feature that is frequently identified in § is ICD-9 diagnosis code 790.21, which stands for
“Impaired fasting glucose.” Impaired fasting glucose (also known as pre-diabetes) occurs when
blood glucose levels in the body are elevated during periods of fasting, and is an important indicator
for diabetes risk. Despite having similar diabetes diagnosis rates across the proxy and gold cohorts,
4.6% of patients among the proxy cohort have an impaired fasting glucose diagnosis, while only
7 Again, due to data imbalance, a trivial estimator that always predicts 0 (low diabetes risk) achieves 87% accuracy,

since 87% of patients will not be diagnosed with diabetes. A decision-maker would prefer an estimator that minimizes
false positives while maintaining some baseline true positive rate (i.e., identifying most diabetic patients).
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0.6% of patients among the gold cohort have this diagnosis. Conversations with a physician suggest
that physicians at the target healthcare provider (gold cohort) may not wish to burden the patients
with fasting, which is required to diagnose a patient with impaired fasting glucose; in contrast,
physicians at the proxy healthcare providers appear more willing to do so. As a consequence, ICD-9

code 790.21 is a highly predictive feature in £*

S rony fOT the proxy patient cohort, but not in 37,

for the gold patient cohort. Thus, differences in physician behavior can yield a systematic bias in
the electronic medical records, and the joint estimator attempts to uncover such biases.

Similarly, another frequently identified feature is ICD-9 diagnosis code 278.0, which stands for
“Overweight and obesity.” Again, despite having similar diabetes diagnosis rates across the proxy
and gold cohorts, 5.6% of patients among the proxy cohort have an obesity diagnosis, while only
0.9% of patients among the gold cohort have this diagnosis. However, there is no significant dif-
ference in the recorded patient BMIs across proxy and gold cohorts, suggesting that the difference
in obesity diagnosis rates is not indicative of an actual difference in patient obesity rates. Con-
versations with a physician indicate that there are significant differences in how medical coders
(staff responsible for encoding a patient’s charts into the electronic medical record) choose which

ICD-9 codes are recorded. As a consequence, ICD-9 code 278.0 is a highly predictive feature in

*
proxy

for the proxy patient cohort, but not in 3}, for the gold patient cohort. Thus, differences
in how patient chart data is encoded in the medical record can also yield systematic biases, which
the joint estimator attempts to uncover.

Apart from these examples, the estimated bias 5 also revealed differences in physician prescribing

patterns. These biases are successfully leveraged by the joint estimator to improve performance.

6. Discussion and Conclusions
Proxies are copious and widely used in practice. However, the bias between the proxy predictive
task and the true task of interest can lead to sub-optimal decisions. In this paper, we seek to transfer
knowledge from proxies to the true task by imposing sparse structure on the bias between the two
tasks. We propose a two-step estimator that uses techniques from high-dimensional statistics to
efficiently combine a large amount of proxy data and a small amount of gold data. Our estimator
provably achieves the same accuracy as popular heuristics with up to exponentially less gold data.
Proxy data is often viewed as a means of improving predictive accuracy. However, even with
infinite proxy samples, the proxy estimator’s error is bounded below by its bias [|§*||,. We propose
that the true value of proxy data can actually lie in enhancing the value of gold data. For instance,

consider the case where ngyq S O (d*02,,,). Our bounds show that the resulting gold OLS/ridge

gold

estimator’s error is O(1). In other words, without proxy data, limited gold data offers no predictive

value. Often, additional gold data can be very costly or impossible to obtain, explaining the frequent
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reliance on alternative (proxy) data sources. However, when we have sufficient proxy data, i.e.,
Nprony 2, O (s*d?02,,,,), we only require O (s%02,,) < O (d*02,,) gold observations to attain a
nontrivial estimation error. Thus, proxy data can help us more efficiently use gold data: instead
of using the limited gold data directly for estimating the predictive model, our estimator uses
gold data to efficiently de-bias the proxy estimator. This insight can inform experimental design,
particularly when decision-makers trade off the costs for obtaining labeled proxy and gold data.

Recovering the bias term also yields important managerial insights. For instance, it can be very
difficult for hospital management to discover the systematic differences in physician diagnosing
behavior or data recording across hospitals. As discussed in Section 5, our estimator can recover an
estimate of the bias term, which can shed light on the source of these biases. Once we understand
these biases, one can perform better feature engineering, e.g., in the diabetes risk prediction example
(Section 5.3), we may learn to use the BMI feature instead of the obesity diagnosis feature. Knowing
the bias between the proxies may also help us identify better sources of proxy data, e.g., in medical
risk prediction, we may try to use patient data from a hospital with diagnosing patterns that are
more similar to those in the target hospital.

There are a number of future research questions expanding the framework proffered in this paper.
One important direction is to design transfer learning methods that can learn from a large number
of (noisy) proxies, each with its own bias term. In line with our two case studies, such methods
may be useful for online platforms that observe several proxies for a customer’s intent to purchase
(e.g., page views, clicks, and cart-adds), or for hospitals that have access to data from many peer
hospitals. From a practical standpoint, it may also be interesting to extend these results to richer
model families (e.g., neural networks or random forests) or to explore other types of (non-sparse)
structure between the gold and proxy parameters (e.g., VC dimension or Rademacher complexity).
Finally, a key prescriptive question involves studying the impact of transfer learning approaches on
downstream decision-making in classic operations management problems. Some current work along
these lines includes (i) dynamic pricing algorithms, where transfer learning from related products
(proxies) are used to improve demand estimation (and therefore revenues) for the current product
(Bastani et al. 2019); and (ii) clinical trial designs, where transfer learning from early surrogate

outcomes (proxies) are used to inform early stopping decisions in the trial (Anderer et al. 2019).
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Appendix A: Baseline Estimators

We now prove lower bounds on the parameter estimation error for various heuristics (Theorems 1-4 from
Section 3). Since we are considering worst-case error over allowable {Xgold7 Xprowy s Byoras Burowys Egolds spmzy},

it suffices to consider a simple example where the assumptions and bounds hold. Here, we consider

1. X oa is chosen such that ¥ .4 = o Xgolngom = I, (where I, is the d x d identity matrix), and
similarly, X,,,., is chosen such that Epmxy = nwlozy X, 0wy Xorooy = La,

2. B3}, is chosen such that Hﬁ;oldH
3. Egold NN(O O-qoldld) and Eprozy NN(

Clearly, all assumptions made in Section 2 hold for this case.

’ pro:cy )

A.1. Proof of Theorem 1

Proof of Theorem 1 We first show a lower bound for the OLS estimator, followed by the ridge estimator.

20LS
gold

(i) OLS Estimator: The OLS estimator has the well-known closed form expression

(Xgolngold) XgoldY oid- Plugging in for Y, 4 and X .4 yields the (random) estimation error

A0LS * 1T
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Then, we can compute the variance
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Thus, using the distribution of €,,,4, we can write
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Applying Lemma 11 in Appendix E, it follows that
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This computation gives us a lower bound of the parameter estimation error for the OLS estimator.

(ii) Ridge Estimator: Next, we consider the ridge estimator, which has the well-known closed form
expression B;jjge(/\) (X;old gold+)\ld) X joiaYgora- Plugging in for Yy,4 and ¥,0,4 yields the (random)
estimation error

1

6;;758( ) 6gold (X;;roldXQOZd + >\Id) Xgoldxgold/B;old + (XgoldXQOld + >\Id) - X;oldggold - B;old

- ngold *
- /Bgold +

T *
Nyord + )\ XgoldEQOZd - Bgold
go

ngold + >\

T
Xgoldggou .
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Then, we can compute the variance (note that the true parameter 3;,,, is not a random variable)
A 1
ridge *
Var (59015 () — Bgold) = mﬂ‘: [X goraEgo1d€ goraXgotd]
go

2
ngOldUgold

 (ngota +A)?
Thus, using the distribution of €,,,4, we can write

o A Ngold0 2
ridge \) g NN . * g9 gold I .
/Bgold ( ) /Bgold ( Ngotd 4 )\/Bgold? ( Ngord ¥ )\) d

Applying Lemma 12 in Appendix E, it follows that

1 M
E H ] >maX{2 o A ||/6gold||1’ (Ngota + A)? (Id)}

1 Ab ngoldagold
= max ,d .
2 nqold + A 27T(ngold 4+ )\)

Note that the first term in the maximum is monotone increasing in A, while the second term in the maximum

Britae(N) = Bioa

is monotone decreasing in A. Thus, the minimum value of the maximum is achieved when the two terms are

N = @ 2ngold‘7§old
bV T '

:| dogold/ V 21
b\/ Ngold + dagold V 2/7T

Along with the previous case, this completes the proof. [

equal, i.e., when

Plugging in, we get

mAin E H B;Z(zige(A) - 5Zozd

A.2. Proof of Theorem 2
Proof of Theorem 2 Note that the OLS estimator is Bpmzy (XT Xpmzy) 'XT v Plugging in

proxy proxy = Proxry:
for Y,

orozy Ad X0, yields the (random) estimation error

2 * T T
/BPTOCC’!J - Bproa:y (XprozyXPTOIy) Xpro:ty proxy

_ 1 T
- p'rozyEP’rozy °
in‘()(L'y
Then, we can compute the variance
Var ( Borozy — B 1 E[X] . S
ar proxy proxy | — .92 prozyngOnyngozy proxy
np’I‘O(L'y
2
_ Tproay
np’I‘O(L'y

Thus, using the distribution of €,,4 and the fact that 5*

— R*
gold — ﬂpromy

2
~ g
/Bpr‘o;vy — /B;Old NN (_6*’ prozxy Id) .

proxy

+ 0%, we can write

Applying Lemma 12 in Appendix E, it follows that

l [ 2 max d Loty [,
max-< — —PTOTY 4y
= 2 YV 270y ¢
1 o2
=max{ - [|07],,dy/ .
2 2T Npromy

This computation gives us a lower bound of the parameter estimation error for the OLS estimator. [

S0LS *
gold — ﬁgold
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A.3. Proof of Theorem 3

Proof of Theorem 8 The averaging estimator can be expanded as

Bavg(\) = (1= X) - BUEZT + X Byroy

(]‘ )\) : (X;;roldX!]Old) XgoldY old + )\ (X;)rrozyxprozy) X;rozynromy
1 1-A A
n o X;’old}/VQOld + prozy X;)rro‘Ly}/PT oTyY
1 )\ T * )\ T *
Nyord Xgold (XQOZd/Bgold + EQOZd) + n : Xprozy (XPTDZy/Bprozy + EPTOI?J)
go. proxy
. . 1- A A
= (]' - )\)Bgold + )\ﬂpTomy + X;oldggdd + X;rozygprozy :
gold nproacy
Then,
N . . . 1-X A
/81“19 ()‘) - /Bgold = >\ (Bprowy - /Bgold) + T ' Xg—]roldggom + Xz—)rro:cyapTO-Ty .
gold nprozy

Using the fact that €4 and €p,.,, are independent random variables, we can compute

. i 1_ )\ 2 2
Var (ﬁavg()\) — Bgold) = (n - ) Var (X;oldegold) + ( ) Var ( pmwewow)
go. proxry
— ((1 B )\)2o—§old )\ Jprozy) Id )
ngold nprozy

Thus, we have that

3 ]‘7)\2 2ld >\2 grozy
Bavg( ) ﬁqold NN( (ﬁpTO.’X)U ﬁ;old) ) <( ) Tg0 >Id) .

ngold np'rozy

Applying Lemma 12 in Appendix E, it follows that
1—X)202 A202
et T
1 27Tngold 27Tnpro:cy
ma: ||(5*|| (]‘ - A)Qagold + )\ Uproacy
! 7 27Tngold 27rnp'rozy

A 1—)\)2 2 252
Z max - ||6*||1 7d ( ) Ugold , d prozy

2 27Tngold 27Tnprozy

é Hg* || d )\20—;2)7‘0131 + é (1 - )‘)2030111
6 ! 2MNprony 3 2MNgora

where we have used the identity max{a,b} > “T“’ Now, note that this expression is linear in A, and thus,

| >

ﬁavg - ﬁ;old

ﬁ;rozy - ﬁ*

| >

the value of A that minimizes the maximum occurs at one of the two extrema, i.e., A=0 or A =1. Then, we

can write

min B [ Buug — B

}>min M,H 5| +M
IR 3 27T gold 6 ! Bm '
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A.4. Proof of Theorem 4
Proof of Theorem 4 Recall that the weighted estimator is given by
1

Angold + nprozy

Bweight(/\) = arg rnﬂin { : (/\”Ygold - XgoldﬁH% + ”Ypmxy - Xproxyﬁng)} ).

Setting the gradient to 0, we get that Bweight(/\) is the solution to the equation

2\ 2
s, - XT Y [} - X‘ O - . X‘T Y TOox - X Tox - O .
)\ngold + Noprozy gold ( gold g ldﬁ) + )\ngold + Nprosy proxy ( prozy D yﬁ)

It is useful to define the variable

n

/ proxcy

= )
)\ngold + nprozy

and observe that
Angold

1-N=—2>
)\ngold + inozy

Note that the allowed range of A € [0,00) corresponds to the allowed range X € [0,1]. Thus, we can equiva-
lently write Bweight as a function of X’ € [0,1] is the solution to

1-X A

’ X;old (}/QOld - Xgoldﬂ) +

ngold nproxy

: XT (Yp'rozy - Xprozyﬂ) =0 )

proxy

which yields the solution

X 1—N N S PV N
6weight(>‘,) = ( : X;—oldXQDld + : X:rozyxpmw) < : X‘;oldygﬂld + ’ X;rozyyp”’zy)

ngold nproacy ngold np'r'oacy
1-XN Y
—_— . T —_— T
- Xgold}/QOZd + Xprogcyypromy .
ngold np'rozy

Note that this expression is exactly the averaging estimator (Section 3.3) in this setting, and thus the proof

and lower bound of Theorem 3 apply directly. This completes the proof. [

Appendix B: Linear Joint Estimator
B.1. Missing Lemmas in Proof of Theorem 5

Proof of Lemma 2 Recall that

_ A * _ T 1T
v = BPTOIy_ﬁprozy - (XprozyXPTOIy) Xprozygprozy'

Then, on event Z, we can write

2 T —1~T 2
HXgoldV”Q = HXQOld(XprO:EyXp'rozy) Xpro:rygpr‘mry ||2
2 T —1~xT 2
S HXgold”Q . || (X-pT‘Oa')yXpT‘O:Ey) XpToxygp’l‘Oﬂ')y ||2
1 2 T 2
S ﬁ ||X901d||2 ’ HXprozyEprozyHQ
proxy
_dngoia_ H T . H2
- w2n§7“ozy prosymprotyllz
dngold

>\17

B w2n2rozy
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where the first inequality follows from the definition of the matrix norm, the second inequality follows from

1 -1
Nprozy PTOTY — Ynprozy ds

Assumption 2 on the minimum eigenvalue of ¥,,,,, yielding (X Xmmcy)_1 =

prory

and the third inequality follows from the matrix norm identity that

||Xgold||§ < tr (Xgoldxqold) = Ngota tt (Bgora) = dNgora

using the fact that we normalized diag(¥,01q) = lax1. This proves the first inequality.

For the second inequality, we observe that on event Z,

1= || proxy prozy 1X;-7r'rozy€17’rozy||1
V]l = [[(X5, )"
S f ||( proxy 177"07“!) 1X;"o:tygp7“0$y ||2
\/> ||( prozy PTOW) ' H HXprozyEP”’Isz
d
S f HX TOoXT 6177"01'?!“
wnp'roz P v 2
- 1pnp'rozy

where the first inequality follows from the definition of the matrix norm, the second inequality follows from
Cauchy Schwarz, and the third inequality follows from Assumption 2. [
2
Proof of Lemma 4 Recall from Eq. (5) that J = { ||€;oldX90ld|| < )\0}. Then,
ngold e

— (r) Ao gold
Pr [‘-7} =1-Pr |:£Iéa[‘)]( golngold 2 2g:|
Aom
1 0 old
Z 1- d : Pr |: golngogd = 29:| )

where ng 4 ER? is the 7" column of X4, and the first inequality follows from a union bound.
We can then apply Lemma 16 in Appendix E with z; = (€4014),, @i = (Xgo14), ., noting that our standard-

ization of X4 implies each column satisfies

Ngold
(r)
A= E qold = HXgold = Ngold -
Then, by Lemma 16,
ngold
(r)
W= gold ir sgold) golngold’
i=1

isa (Ugold1 /ngold)—subgaussian random variable. Thus, we can apply a concentration inequality for subgaus-

sian random variables (Lemma 14 in Appendix E) to bound

A
Pr[J]>1—d~Pr[ XD > o?”;zd]
2
>1—2dexp (-AOnQQ"ld) )
Jgold
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Proof of Lemma 5 Recall from Eq. (6) that Z = {HXpmzy szyuz < )\1}. Then,

Nproxy
Z prozy proa:y)i
i=1 2

MNproxy 2
_ Z Y (X ()
PT‘OZQ i,j ~Proxy I
Jj=1

=1

2
T
H proxy PTOI?J

where (X,00y), € R? is the i*" row of X, 04y, and (€100, ), € R is the i** component of €,,,,,. Note that

Mprox . . . .
{5pmxy} "o are independent ,,.,,-subgaussian random variables. Thus, each summand is a linear combi-
nation of independent subgaussian random variables, which yields a new subgaussian random variable. For

each j € [d], it is useful to define an intermediate variable

Mprozy

=D (Xurs)5hey
i=1
Note that X;ozyepmzy € R¥*! is a vector whose elements are g}. We can now apply Lemma 16 in Appendix
E, taking {z;} to be {e{2 1, {a;} to be {(X( Y ) } and noting that

proxy

Mproxy

A= Z Xg()r)oxy Xy(or)oa:y)] = nproqu;Jrjo)xy = Nproxzy »

for each j € [d] since we have normalized diag(¥,,0zy) = lax1- Then, by Lemma 16, ¢ is (Uprc,my1 /npmzy)—
subgaussian. We can then apply a concentration inequality for subgaussian random variables (Lemma 14 in

Appendix E) to bound

PrZ) = 1= Pr [[|X,0n,Eprensll; = M|

=1-Pr[l = A

S1—d.Pr [eﬂ > ﬂ
A
2o (g )
O
B.2. Proof of Corollary 1
Proof of Corollary 1 For ease of notation, let
w= 5 + il + 5 .
o 297
Recall from Lemma 3 that
[Broins0) = B |, < 20,
with probability 1 when the events J and Z hold, and we take Ao = A/5 and Ay =n2,, A?/d.

We expand the expected parameter estimation error

[l ] =E{|Brn ™ = B

+E H Joznt()\) ﬂgold

;Zint (A) - B;old

‘ ij} Pr[J N7

| geuze] el (20)
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To bound the first expectation on the right hand side of (20), we define a new event

5= ([, <)
By definition, A;gim = fB,oine When B holds, and A;Zim =0 otherwise. Then,
B [[|82 0 = 8|, | 707]
E [[|2500(0) = B0
E [[|Bjoine(X) = By
Aw-Pr[B]+E || ﬁ;ldHl | BnJ NI]-Pr[B°].

A;Zint(A) _6501(1 ) ‘ Bcﬂjﬂl} ~P1"[BC]

Brall, | BCNTNT] - PrlB]

1 ‘BﬂjﬁI}~Pr[B]+EH

B

1 ‘ijmz}.Pr[BHEU

IN

Now, note that on the event (BN J NZ), we have both that

Bioint(N) = Byota . < dw,
Ba‘omt()\)Hl > 20 > 2|85l -
Together, these facts imply that on the event (B NJ NI),
18510l < | Brosme V)| = 118500,
< Bjomt()\) = Byota )
<Aw,

using the triangle inequality. Thus,

E H A;‘Z'Lnt<>\) - /B;old

/Bgold
< \w-Pr[B] + A\w - Pr[B]

|, | B°nJNI]-Pr[B

1 ‘ JHI} < w-Pr[B]+E||

=\w. (21)

Next, we consider the second expectation on the right hand side of (20). Regardless of the events J,Z, and
B, we always have the following bound

1860 = B < (B ||+ 18all, < 30, (22)

using the triangle inequality and the definition of 3%, ,()\). Substituting (21) and (22) into (20), we have

joint
E H A;Zint ()\) - B;old

} < Mw-Pr[7NT] +3b-Pr[7€ ULC]
1
< Aw + 3b- (Pr[J¢] + Pr[Z¢])

)\2n o )\2774 rox
S )\U}+6bd (exp (— 200;2l7d> +eXp (_2d20p2y>) s
go

proxy

using a union bound, and applying Lemmas 4 and 5 with the chosen values Ao = A/5 and A\; =n2, . \*/d.
O

Appendix C: Nonlinear Joint Estimator

Throughout this section, we use the same notation as we did in the linear case. By definition,
5;0ld = 5107“019 + méin E5g01d£(6) = BPTDE?J + P

Thus, defining v = Bpmzy — Byrony as before, we have b=6"—v.
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C.1. Key Lemmas for GLMs

Proof of Lemma 6 Using the definition of the empirical log likelihood £, we can expand

E(6) =E.,,., [£(6)~ L)

- Z {—A' ((Ba) " X0) (5-8) X0+ 4 ((6+/§Wy) X;JM) -4 ((@old)TX;?ld)} .

n
gold =1

We can apply Assumption 4 and Lemma 17 in Appendix E to bound the second and third term as
. NT
A((54 Do) X0 ) = A () X0 2 4 (50 X00) (5-5) X0

+3 %2 (6-9)],

2

Substituting the above yields

1 Mgold m (l) 2
5(6) Z Ngold ; 5 HXgold (5 B 6) 2
m 2
Z 2ngold Xgold (6 B 6) 2 '

O

LEMMA 7. The empirical process can be bounded as

()~ w(d)| <

53 - NeguaXomal.,

ngold

Proof of Lemma 7 First, expanding the loss function and substituting & + Bpmxy = B;,1q yields

A ~ 1 D (2 7\ G 2 h X i
£~ £0)= 11 S A (5-) Xt A (5 Bn) X ) =4 ((8500) X00) |-
Second, noting that E goldYg(ol)d =A ((Bgold)—r XE]?M)? we can write
R Mgold - () . NT ()
IE“{qold |:‘C(5) - ] g 1 { ( gold) ngold) (5 - 6) Xglold
ot =1
A( (54 Bprrs) X000 ) 4 (550 X0) } -
Combining these expressions, we get
R B 1 Ngold . ) § .
’w(é) fw(é)’ = Mgota ; {(Yg(ol)dJFA ((ﬂgold)-rxg(zold>) (5 5) X;Jld}
+ [Mgold
= ( ) <Z Xgoldggold>
AT
= ((5—5) X;oldsgold
1 - -
S ’I’Lgold 6_5H1 HelglngOldHoo

O
The next lemma is the generalized linear model analog of our earlier Lemma 2, and relies on an argument

made in Theorem 1 of Chen et al. (1999).



43

LEMMA 8. On the event I, we have that both

dn

2 ld

X gorav |5 < ﬁ
proxy

Proof of Lemma 8 Recall the generalized linear model’s maximum likelihood equation

A1, and v, <
Nproxy
ﬂprozy - a‘rg mln Z { )/;n(rc))zy XE)T‘)ozy + A (6TX1(7T)ozy) B (}/;J(rgzy) } N

The first-order optimality condition for ,Bpmxy yields

Nproxy

i AT 12
Z Xz(zr)ozy ( proxy A (/8p7'owa1(37')ozy>) =0.

Substituting V() = (ﬁ* TX( i) ) +el and A’ = p, we get

proxy proxy proxy proxy
MNproxy Nproxy
E (@) 3T (@) * Tx (4) - (@) (@) T
Xprozy ‘LL prozyxprozy - p“ (5;77‘0134 Xp'rozy) - Xprozygprozy - Xpro:vySPTOCL"y ° (23)
i=1 i=1

Now, note that by applying the mean value theorem, that there exists some 5y on the line segment between
Byrosy and Bpmzy satisfying
AT * T i 3 *
1 (B Xy ) = 1 By X ) =1 (B X,) - (Borom — 5pmy) X0
Recall that v = 3,0, — Brrowy-
Chen et al. (1999), we can write

Substituting the previous expression into Eq. (23) and employing a trick from

Nprozy 2
H (X;—)I—TozyXP”‘OIy) X;-;rrozysp”‘oz’y 9 H (X;—rozyXPTOI’y) - Z /j’l (50 X;(n‘)ozy) Xz(n‘)ozyxz()i‘)ozy—r (5177“7@?;/ - ﬁ;razy)
i=1 2
Nprozy - Mproxy T —2
= VT ( Z (ﬂTX;EJT')oa:y) X]()T‘)O:ET/ plr)oxy > ( Z Xpro:):y 1(97;”)0301/ )
i=1

Mprozy
y ( S (X0, -x;aazyx;;z;) y
i=1
Nproxy - MNproxy ﬂo ) . ) T -2
o (8 ) e, ) (3 N x0T

i:1np,,.wy
(5 ) X0 )
i=1
=m?|v]; ,
where we have used the fact that p' (2) >m > 0 for all z in the domain since A is strongly convex (see Lemma
17). Thus, we have
[ o S S

proxy prozy) proxy p'rozy 2

We now proceed exactly as we did in Lemma 2 in the linear case; we omit several algebraic details to avoid

repetition. For the first inequality, on event Z, we can write

1 2
2 T IR
”XgoldVHQ < W HXgold Xproxyxzm"oxy) Xproacyap7‘0939||2
1 2 T 1T 2
S W ||Xgold||2 ! H(Xpro:chPTOWJ) Xpro:cyapTOJCyHg
dngold A
= m242n2 1

prozy
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For the second inequality, we observe that on event Z,

vl < Vv,
Vd _
< YT Ko [ s
ah
- mdjnp'rozy .

O

C.2. Proof of Lemma 9

LEMMA 9. On the event J, taking A >5\g/2, the solution § to the optimization problem (18) satisfies
5\%s
2mep>?

Proof of Lemma 9 Since the optimization problem (18) is convex, it recovers the in-sample global mini-

5m

)\HS—(?H <
1

X 24
= Sy | gold’/“z

+5A v, -

mum. Thus, we must have that

ﬁ(& Xyotds Ygora) + A Hg

1 S 'C(Sa XgoldaYgold)"_)\HS

1

We can re-write this as

ey, < -5 ],
= nglou 6= 1.HS;"MXQOMHW—'_)\Hng
o] -1,
S R RS (24)

where we have used Lemma 7 in the second inequality, the fact that J holds and that A > 5X¢/2 in the third
inequality, and the fact that v =4§* — & in the last equality. Now, similar to the linear case (see Lemma 1),
we use the triangle inequality to express § in terms of its components on the index set S. Collecting Eqgs.

(9)—-(10) and substituting into Eq. (24), we obtain

58(0)+5X (101 — 85 — a5 +[|dse]| ) = A (65 =a5] + 8], +11,) +5x U8, + w11 -
1 1 1 1
Cancelling terms on both sides yields
55(5)+4A‘SSC < 6/\<‘35—5g 1+||u||1). (25)
As in the linear case, we have two possible cases: either (i) ||v||, < bs— 05| , or (i) ||0s —az]| < v, -
1 1

In Case (i), we will invoke the compatibility condition to prove our finite-sample guarantee for the joint
estimator, and in Case (ii), we will find that we already have good control over the error of the estimator.

Case (i): We are in the case that ||v|, < ‘ bs — 0%

, so from Eq. (25), we can write on 7,
1

5E(8) +4X HSSC

< 12) HSS 5
1

1

Dropping the first (non-negative) term on the left hand side, we immediately observe that on 7,

dse e — 0% s — 0%

)

< 3|

1 ‘ 1
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so we can apply the compatibility condition (Definition 2) to u = 6 — 0" and take the square root. This yields

‘ < (b\/% gold (5 5)

Separately, when Case (i) and J hold, we can further simplify

bs — 0% )

2

56(6)+ |55 = se@)+ar[5-s -+,

< 5E(8) + 4\ |65 — a3 +4A]$SC AN,
1 1
< m‘ss—a* +10A ||y,
1
10A+/s a
< SOV (5-5*)“ +10A v, - (26)
d)\/ngold 2

5s —0*|| in the

1

where we used Eq. (25) in the second inequality, and the compatibility condition to bound ‘
third inequality.

n

We now need to relate the expected error relative to the true minimizer 5(5) to HXQOM (5—(5*)
2
on the right hand side. In the linear case, these

10AV5 ( S_s* )
7 gt || ook 2

Xyold (5 6*) . When considering more general nonlinear
2

quantities are trivially related since £(§) =
loss functions, one needs to additionally impose a margin condition and a suitable alternative compatibility

order to (partially) cancel the term

_1
Ngold

condition in order to establish a relationship between these two terms (see, e.g., Negahban et al. 2009,
Bithlmann and Van De Geer 2011). However, this additional infrastructure is not necessary for generalized
linear models due to their close connection to linear models. Lemma 6 shows that it is sufficient to use the
functional form of the GLM log likelihood and the strong convexity of A(-) to establish a relationship.

Applying Lemma 6, we can write

5m 2 . o
5 [ Xgota (00 < 585 4/\H5—6H
2Ngoia g ld( ) 2 - ( )+ 1
10X
< IO % (5=07)|,+ 107101,
Wm
5m 20\2s
S4n 1d gom (5 6)” ¢ +10)‘”’/||1
go
om 2 20A2s
< -9 X 10\
T 2Ngoia gOld( ) +2nqold | goldV||2 ¢ + 10X ]|v|l; ,

5m

where we have used Eq. (26) in the second inequality, the identity that 2ab < a? + b2 for
A /2
and b=— 20s

aa (5-07) -

Xgota ( 2 10

in the third inequality, and the identity that (a + )2 < 2a? 4+ 2b% in the last inequality. Cancelling terms on
both sides, we find that when J and Case (i) hold, we have that

4ngold

5m 2 BA%s  BA|v),
< X., AN 27
= 8o | g ldV”z me? 9 (27)
Case (ii): We are in the case that ‘ bs— 0zl < llv]l;, so Eq. (25) implies on 7,
1
55(3)+4)\‘ Sse|| < 12A |, -
1
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In this case, we do not actually need to invoke the compatibility condition. When J and Case (ii) hold, we
can directly bound
dse

55(8)+4AHS—5 §s — 0%

IN

5€(9) +4>\‘

+4)\‘
1

+4AA vl
1 1

< 20A vl

where we used the triangle inequality (see Eq. (10) from the proof in the linear case) in the first inequality and

Eq. (14) as well as the fact that ‘ bg — 0%,

<||v||, in the second inequality. Dropping the first (non-negative)
1
term on the left hand side yields

)\HS—SH < 5A|vl, - (28)
1
Combining the inequalities from Eq. (27) and (28), the following holds in both cases on 7,
<~ A 5m 5  bBA%s
-4 < X,, 222 p Al - 29
T o SR (29

O

C.3. Proof of Theorem 6 and Corollary 2

Having established Lemma 9, the proof of this theorem follows the proof in the linear case closely. Note that
we have defined the same high probability events J and Z for the generalized linear model setting, and thus
these events satisfy the same tail inequalities, allowing us to re-use Lemmas 4 and 5.

Proof of Theorem 6 By Lemma 9, we can bound HS_ 5H with high probability on J when v is small.
We can re-use Lemma 2 from the linear case to bound the ti:rms that depend on v as a function of 7,44,

on the event Z. Applying Lemma 8 to Lemma 9 yields

HS 5 5d\; 5As 5v/dA\y
1 Smw2n123rozy)\ m¢2 mwnPTOIy .

The above expression holds with probability 1 when the events J and Z hold, and A > 5)¢/2. Recall that
Ao, A1 are theoretical quantities that we can choose freely to optimize our bound. In contrast, A is a fixed
regularization parameter chosen by the decision-maker when training the estimator. Then, setting Ao = 2\ /5,

we can write

< A Sd)\]_ 5As 5 d}\l
Pr 34 v < 1-PiInZ
' |: 1 - SmwQTlﬁrozy)\ + m¢2 + mwnPT‘Oly - r[j }
< Pr[J°]+Pr[Z9]
)\2’[1 1d )\1
< 2d — 7 2d - .
N P ( 500—30ld> - P ( 2do—12yrozynprozy

The second inequality follows from a union bound, and the third follows from Lemma 4 (setting A\g = 2A/5)

and Lemma 5. By inspection, we choose

Ay = Toron”
d 9
yielding
- S /1 1 s N 2
P’5—5 > —(5+-+=])| <2d 2 Deo 2d _ A Mprozy
{ LS m (8w2+w+¢2)} = eXp( 50cf§old>+ eXp( 2d20;fmy>

Finally, we reverse our variable transformation by substituting Bjoim =0+ Bpmzy and 5;ozd =6+ Bpmzy,

which gives us the result. [
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The following corollary uses the tail inequality in Theorem 6 to obtain an upper bound on the expected

parameter estimation error of the truncated joint estimator.

COROLLARY 2 (Joint Estimator). The parameter estimation error of the truncated nonlinear joint esti-
mator for a generalized linear model is bounded above as follows:

o . 5A (1 1 s Mng, A0
R (B i) < 5 (gt + g5 )+ 00 (o (-5 )+ (g ) )

gold proxy

Let C' >0 be any tuning constant. Taking the regularization parameter to be

X — max 5OO—§old log (6bdn901d) 2d20;2>rnmy log (deinOIy) _ @ ( Ugold + daproxy )
ngold ’ nprozy vV ngold vV nprozy ’

yields a parameter estimation error of order

Str kY A S0 gold SdO’ rox
R (B0 ) = O (S22 4 2 )
7 t( ) ﬁg ld n90ld nproxy

Proof of Corollary 2 For ease of notation, let

_S (L 1. s
REETACTENRTRTY
Recall from the proof of Theorem 6 that
[Bioins ) = B,

with probability 1 when the events J and Z hold, and we take A\g =2)/5 and A\, =n?_ _, A\?/d.

proxy

< Aw,

From here, we can use the proof of Corollary 1 exactly, and thus avoid repeating the steps. Collecting Eqgs.

(21) and (22) and substituting into Eq. (20) from the proof in the linear case, we have

E |85 () = Ba.

} < dw-Pr[7 NZ] +3b-Pr[7¢ UZC]
< Aw+ 3b- (Pr[J¢] + Pr[Z¢])

A2 A2
< A\w + 6bd - (exp (—50:;0“> + exp (—W)) ,

gold proxy

using a union bound, and applying Lemmas 4 and 5 with the chosen values Ao =2A/5 and A\; =n2, . A*/d.
g

Appendix D: /, error of Joint Estimator

We now extend Theorem 5 to prove parameter estimation bounds in the ¢ norm. We follow the general
approach outlined in prior work (Candes and Tao 2007, Bickel et al. 2009, Biihlmann and Van De Geer
2011), while additionally accounting for our problem’s approximate sparsity. As noted in prior work, for this
setting, we need to replace the compatibility condition (Assumption 3) with a stronger assumption known
as the restricted eigenvalue condition (Assumption 5) defined below:

DEFINITION 3 (RESTRICTED EIGENVALUE CONDITION). For any index set 91D S with |91 = N, let

85,9 = {u R fusely <3l oo < sy |

The (S, N)-restricted eigenvalue condition is met for the matrix ¥ € R**¢ with constant ¢ > 0, if for every

M DS with |91 = N, and for all v € R(S,N), it holds that

lumll3 < (u"Su) /¢% -
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AssuMPTION 5 (Restricted Eigenvalue Condition). The restricted eigenvalue condition (Definition

3) is met for S = supp(d*), N =2s, and the gold sample covariance matrix X ,,4 with constant ¢r > 0.

Then, under Assumptions 1, 2 and 5, we have the following tail inequality that upper bounds the ¢,

parameter estimation error of the two-step joint estimator with high probability.

THEOREM 7 (Joint Estimator). The joint estimator satisfies the following tail inequality for any chosen

value of the regularization parameter A > 0:

25 5 21\/5 )\27’1 1d AZTL
P > [ N < 92 _ 9ol 2 _ L prozy |
| > Moty i )| < e (gt ) + 2t (-5

proxy
This result is identical to the ¢; bound provided in Theorem 5 (with modified constants), with the exception

Bjoint(/\) - B;old )

that the £, bound scales as /s rather than s. Specifically, taking the regularization parameter to be

5 — Coma { \/2000§Old10g (60 yora) \/deagmy log (denp,.owy)}: @( Ogoa_ da—pmy> |
ngold

npro:cy RV ngold RV nproacy

one can easily verify that the worst-case £ parameter estimation error is of order

d
i| = O (max { \/go-gold log (dngold) 5 m IOg (dnprozy) }) .
vV Ngold vV Nprozy

This scaling is consistent with the LASSO literature (see, e.g., Bickel et al. 2009).

Sl;p E H ﬁjoint - ngld 5

D.1. Proof of Lemma 10

We first prove an analog of Lemma 1, omitting repeated steps.

LEMMA 10. On the event J, taking A >5)\g, the solution & to the optimization problem (2) satisfies
- 21\/s 3 5

Hé— o| < 2\[ + > X gorav[l -
2 O% Or\/Mgota  4ASNgora

Proof of Lemma 10 Following the same steps as Lemma 1, we obtain Eq. (8) on J:

5

ngold

+5||u||1+<

2 N
+5>\H5
2

X yora (S - 5)

< AH8—5*+V FHN[ — v, -
1 1

Next, we express 6 in terms of its components on a new index set 9% rather than S. Define the indices

{1, Ja—sy C[d]\ S such that [6,,| >18;,] >--->1d;,_.|. Then, let the index set
N=SU{j1, - Js}-

In words, 9 contains S and the indices corresponding to the s largest (in absolute value) components of bge.

Once again, by the triangle inequality, we have

N, = ool el 2w fom =]+ o], )
Similarly, noting that d3,. =0 since 91 D S, we have
fosoo, = finmsil il 10, o
Substituting Eq. (30)—(31) into Eq. (8), we have that when J holds,
N . .
O X (5—5) 4 Hcsw < 6A Ham — e || + X, - (32)
Ngold 2 1 1
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Again, we proceed by considering two cases: either (i) ||v||, < Hém O < |l -

, or (ii Hém O

Case (i): We are in the case that [[v]|, < Hdcﬁ O+ || - Applying this inequality and dropplng the first

(non-negative) term on the left hand side of Eq. (32), we observe that

i

- H&mc e
1 1

<3 H(sm .
1

Furthermore, by the construction of M, max;cme |c§]| < minjem s \5j|, which implies that ||(§mu — el <

min;eom s |c§] —07]. Thus, we can apply the restricted eigenvalue condition to u = 5— 6*, yielding

i)

1§\/%H5m—5§t

2 1
<

2 d)%%ngold

(33)

Furthermore, since 91 only contains 2s indices, note that H&n — 0y

(i) and J hold, we can apply Eq. (31), (32) and (33) to simplify

. Then, when Case
2

5 2 10
gold ((5 (5 ) S gold ((5 6) =+ HXgoldV||2+4)\H6 6*+V
ngold 2 ngold 2 ngold
10 T )
< Xyoa (5-6)|[ + O X a2+ 4\ o = 33|+ 47 o |
ngold 2 ngold
+ 4|l
- 10 )
< 16M|dn = 65|+ IXuaarll3 + 16A v,
1 ngold
A 10
S 32A Hdrﬁ — 6;1 + ||Xgold’/||§
1 ngold
32M\V/2s
S gold (6 5 ) + ||quld’/||2
¢R\/ ngold 2 ngo ld
3 2 512X2%s 10 2
< o d—0" ) — X o ’
T Ngold Xq ld( 2+ 0% Ngold ” . ldy||2

where the first and sixth inequalities follow from the facts that (a 4 b)? < 2a? + 2b* and 32v/2ab < 3a® +
5120%/3 for any a,b € R, the third inequality follows from Eq. (32), the fourth inequality follows because we
are in Case (i), and the fifth inequality follows from the restricted eigenvalue condition in Eq. (33). Dropping

the second (non-negative) term on the left hand side and simplifying, we get

X gota (8- 67)

Applying the restricted eigenvalue condition in Eq. (33) again, we can write

1

ngold

2 25625
S 2 -
2 ¢R ngold

HXgoldV”; .

5o — oz |I” L i—s)|
— 5 < *
H o n - QS%ngold g0ld< ) 2
25625 5 )
X, .
S T P ol
Using the fact that v/a+b < \/a+ v/, we can bound
5 162 VB
Mfo -0, < 12 X el - (34)
2 ¢R ¢R\/ nqold
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Now, it remains to bound ||dme||2, for which we need to bound ||§sc||;. Employing a similar strategy but

different constants, we can write

nild X ot (5-9) j < nid X o (5= 5) 2 = 03|, + A [ome| +ax 1wl
< 10X |[dn = 05| +10A v,
< ;}?\A/g s (8=0") | +10A ],
< 27:;1(1 gold(é 5*)‘ +10A||v]|, + QOT:S
< s (58 [ K 10N+ 225

where the fourth and fifth inequalities follows from the facts that 10v/2ab < 5a2/2 4 20b% and (a + b)?
2a? 4 2b? for any a,b € R. As a result, we can bound

5 2 5)\ S
X gotav[l; + H vy + =5

M|dge

< AHS—S

1 1 4Angea
Invoking Lemma 18 from Appendix E, by the construction of 0, we have

A2/

- 5
Mdge|| < 572 ||0se|| < —— X yorav|l2 35
wll, < 52 b, < g el + o Il + 2R (3)
Then, combining Eq. (34) and (35), we have that when J and Case (i) hold,
< AHSm—ég} +AH&HC
2 2
5 5\ V5 21\2\/s
< X X —
= 4\/§ng0l ” goldVHz 2\/* ||V||1 ¢ ,7go || goldl/HQ (z)%
25 ) 21A2\/s
< 2 X, e , 36
= Tovsmm I gde||2+2\/§ Il + poy (36)

where the last inequality follows from the fact that v/5ab < 5a2/4 + b? for any a,b € R.
Case (ii): We are in the case that H&n =5l <|vlly, so Eq. (32) implies on 7,
1

X yota (S _ 5) j

In this case, we do not actually need to invoke the restricted eigenvalue condition, so we can proceed exactly

5

ngold

< L2A |y, -

+4)\H5mc :

as we did in Lemma 1. When 7 and Case (ii) hold, we can directly bound

o o ranl5-s g 5o - an by —o NIE 4
. < _S* .
Ngotd gOld( ) 2+ )\H Hl T Ngold g"ld( ) 2+ )\H N 1+ )‘H n 1+ Allvlly
< 20A ||yl ,

where we used Eq. (31) in the first step. Dropping the first (non-negative) term on the left hand side yields

<A, (37)

Combining the inequalities from Eq. (36) and (37), the following holds in both cases on 7,

21A2/5
X goravll3 +B5A v, + : (38)

Ok

< a 25
AHM@H <2
2 IG\ﬁngold
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D.2. Proof of Theorem 7

We now use Lemma 10 to prove Theorem 7, re-using Lemmas 2, 4 and 5.
Proof of Theorem 7 Applying Lemma 2 to Lemma 10, the following holds with probability 1 when the
events J and Z hold, and A > 5\q:

5 25d )\, n 5vdA n 21\/s
2 T 16VsUPng A YNprony P
Then, applying Lemmas 4 and 5, and setting A = \o/5, we can write

J#-

~ S 25(iA1 5 (iAl 2]”X\/§
Pr 34 v < 1-Pi{gnZ
! l: 2 16\/§w2n72h“owy)\ " YNprosy " o B g
A2Tl 1d Al
< 2dexp <—go +2dexp| ————— | .
2000’30“1 2dagrowynproxy
By inspection, we again choose
n2 A2
Al _ proxy
d )

yielding

~ N 2 2
Py MHH > A( 2 Wlﬁ)} < 2dexp (W)+zdexp< A)
2

16+/51)? Ty P2 20002,  2d202

proxy
Finally, reversing our variable transformation as before yields the result. [

Appendix E: Useful Lemmas
E.1. Properties of Gaussians

LEMMA 11. Consider a zero-mean multivariate gaussian random variable, z ~ N (0,X). Then,

Bllel) > ) 2 (=)

Proof of Lemma 11 We begin with the case where z is a scalar (d=1) and ¥ = ¢?. Then, we can write

Sl 1 212
Bl = [ 12l a
oo 1 212
:2/ z e 202d7
0 | |\/27T0’2

[202 [
= L/ e “du
™ Jo

202

)
™

(implying du = 25dz").

o2

22
202

where we have used a variable substitution u =

Then, for the case where z is a vector (d > 1),

Efll=l,] :ZE[‘Zi‘]

. [23,
2> 5

=1
_ E% 1/2
\/;tr(E )
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LEMMA 12. Consider a multivariate gaussian random variable with mean pu, z ~ N (u,2). Then,

1 1
El|z > max< — , tr (2172 }
el > max {5l =0 (57)

Proof of Lemma 12 We begin with the case where z is a scalar (d = 1), so ¥ = o?. Without loss of
generality, assume p > 0; if not, we can equivalently consider —z instead of z, since | — z| = |z] and —z ~

N (—p,0?). Next, observe that |z + pu| > |z] if 2 >0, so we can write

%) 1 2 )
Bl = [ 2+ il s
Sl 1 212
2/ |z" + pl e 202dz’
0

V2mwo?
° .
2z e 202d7
/0 V2mo?2
2 oo
1/ U—/ e “du
2m Jo
2
=1/ 3

where we have used a variable substitution u = % (implying du = Zdz’).

o2

>

In addition, observe that |z + p| > |p| if 2 >0, so we can write

1
> e 222z
> |l | s
— 2
kel

Then, for the case where z is a vector so d > 1, we can write
d
E(lzll,) =Y Elll]
i=1
d
1 i
> s
Sy
d d
> i
{33001 352}

1 1
=max< — , —— tr (T2 }
X{2”ﬂ||1 m ( )

O

LEMMA 13. Consider a multivariate gaussian random variable x ~ N (u,X). Then,

E{l213] = Il + 0 ()
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Proof of Lemma 13

E[I213] = [+ (= wll]
= [l +E[(z =) (z = )]
= [l +tr (E [z = )z~ )7])
= [l + tx (2).
0

E.2. Properties of Subgaussians

LEMMA 14 (Concentration Inequality for Subgaussians). Let z be a o-subgaussian random variable

(see Definition 1). Then, for all t >0,

Proof of Lemma 1/ See Eq. (2.9) of Wainwright (2016). O

LEMMA 15 (Hoeffding Bound for Subgaussians). Let {z;}7_; be a set of independent o-subgaussian

random variables (see Definition 1). Then, for all t >0,

t2
Prlg Zi >t] < exp< 202).
i=1

Proof of Lemma 15 See Proposition 2.1 of Wainwright (2016). O

LEMMA 16. Let {z;}7_; be a set of independent o-subgaussian random variables, and let {a;}}_; be con-

stants that satisfy A=Y " a?. Then,
W= Z a;7;
i=1
s a (0\/2) -subgaussian random variable as well.

Proof of Lemma 16

E [exp (tW)] =

- <tzaz>]

ﬁ E [exp (ta;z;)

; o2t2a?

SICTe )

=exp <U iaf)
i=1

=exp (02t2A/2) ,

implying that W is (U\/Z) -subgaussian by Definition 1. O
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E.3. Miscellaneous

The following lemma is a simplification of a more general result in Nesterov (1998), and shows that a uniform

lower bound on the second derivative of a real-valued function implies strong convexity.

LEMMA 17. Consider a twice-differentiable function f:R — R with a uniform lower bound on its second
deriwative for all points in its domain X CR, i.e.,
1
inf f"(x) 2m,

Then, for all x,y € X, [ satisfies

f@) = f@) = f@)-y—2)+5 (-7

Proof of Lemma 17 Note that

@=[rwa  ad pO=r@+ [ 1o

-l
y—1x) //f”sdsdt
> f(x)(y—= +m//dsdt

= F @) fx>+5 2)?.

Then, we can write

O

Following Candes and Tao (2007), we use the following lemma to convert between ¢; and ¢, norms.

LEMMA 18. Let by >by>--->0. Forre {1,---}, we have

1/2
(Z b?-) < 2], .

J>rt1
Proof of Lemma 18 Set ¢ =2 in Lemma 6.9 of Bithlmann and Van De Geer (2011). O
Appendix F: Experimental Details & Results
F.1. Additional Simulations

We now simulate several additional benchmarks on synthetic data.

1. High dimension: The setting in Section 5.1 is relatively low-dimensional since n,,4 > d. We investigate
the high-dimensional setting, where ng,q < d < Nprosy, by taking d = 200,7140q = 150 and nprory = Ntest =
2000. All other parameters and data-generating processes remain the same as in Section 5.1.

2. Theoretically-tuned regularization parameter: Corollary 1 suggests taking the regularization parameter

(in the linear case) to be A, where

N\ = Cmax { \/Ugold log (dengold) : \/QdQUgrom log (denproxy) } -

ngold nproa:y
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Figure 5  Out-of-sample prediction error and 95% confidence intervals of different estimators on synthetic data.

We tune the multiplicative constant C' once on a validation set (based on data generated as described in
Section 5.1) and set C'=1/10; unlike cross-validation, this choice of regularization parameter is now held
fixed across all randomly-generated datasets (i.e., iterations) and parameter values (i.e., when the values
of Myords Nprowy, d change in the high-dimensional setting). Since we are using synthetically generated data,
we know the appropriate values of 04p14,0,r0zy and b. We investigate the performance of this choice of
regularization parameter compared to its cross-validated counterpart using the glmnet package® in R.

3. One-step joint estimator: In Section 4.6, we described a “one-step” version of the joint estimator that
simultaneously estimates the proxy and gold parameters, while enforcing an ¢; penalty on the difference of the
two parameters. We implemented this estimator using the CVXR package in R, and tuned the regularization
parameter via cross-validation on a validation set.

Figure 5a shows results for the low-dimensional setting (described in Section 5.1) and Figure 5b shows
results for the high-dimensional setting (described above). First, we note that the performance gain from
using the joint estimator rather than the baseline estimators (gold, proxy, averaging and weighted) is far
larger in high dimension compared to low dimension. This is to be expected, since it becomes more impor-

tant to leverage sparse structure as d grows large. Second, in both low and high dimension, we find that

8 To match the normalization in the implementation of glmnet, we must divide our regularization parameter by Ngold-
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the performance of the joint estimator with the theoretically-tuned regularization parameter [denoted “Joint
(Theory)”] closely matches the performance of the joint estimator with the cross-validated regularization
parameter [denoted “Joint (CV)”]. This empirically validates the form of the regularization parameter pro-
posed in Corollary 1. However, in practice, one does not know problem-specific values (04014, Tproay, ) Needed
to compute \, making cross-validation attractive. Third, in both low and high dimension, we find little to no
improvement from combining the estimation of Bpmxy and Bgold using the one-step joint estimator [denoted
“Joint (1-step)”]. As we argued in Section 4.6, we expect this to be the case when 1,z > ngoa (as we have

here), since the one-step estimation decouples into our two-step joint estimator.

F.2. Expedia Case Study Details

The original dataset has 9,917,530 impressions. A subset of this data includes impressions where the hotels
were randomly sorted, i.e., when the provided feature random_bool = 1. As recommended, we restrict our-
selves to this subset to avoid the position bias of the existing algorithm. This results in 2,939,652 impressions.

There are 54 columns in the data. We drop the following columns:

1. Features that are missing more than 25% of their entries

2. Unique identifiers for the search query, property, customer, country of property, country of customer,
and search query destination

3. Time of search

4. Boolean used to identify the subset of impressions that were randomly sorted

5. Number of rooms and nights, after being used to normalize the overall price per room-night
There are 15 remaining features and 2 outcome variables (clicks and bookings). These include: the property
star rating (1-5), average customer review rating for the property (1-5), an indicator for whether the hotel
is part of a major hotel chain, two different scores outlining the desirability of the hotel’s location, the
logarithm of the mean price of the hotel over the last trading period, the hotel position on Expedia’s search
results page, the displayed price in USD of the hotel for the given search, an indicator whether the hotel
had a displayed sale price promotion, the length of stay, the number of days in the future the hotel stay
started from the search date, the number of adults, the number of children, the number of rooms, and an
indicator for a weekend stay. We also drop impressions that have missing values and outliers at the 99.99%
level, leaving 2,262,166 total impressions. As recommended by Friedman et al. (2001), we standardize each
feature before performing any regressions.

As described in Section 5.2, we use a subsample of 10,000 randomly drawn observations in each iteration.
We first reserve 50% of this data as a held-out test set to assess performance. The remaining 50% is used
as the training set for the gold and proxy estimators. For the averaging, weighted, and joint estimators, we
additionally need to choose a tuning parameter. Following standard practice, we use a random 70% subsample
of the observations (that are not in the test set) as our training set and the remaining 30% as a validation
set. We train models with different values of A on the training set, and use mean squared prediction error
on the validation set to choose the best value of A in the final model. Finally, the “Oracle” is trained on all

2M+ impressions excluding the test set.
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F.3. Diabetes Case Study Details

The original dataset has 9948 patient records across 379 healthcare providers. The data only contains patients
who have recently visited the provider at least twice. Each patient is associated with 184 features constructed
from patient-specific information available before the most recent visit (i.e., indicator variables for past ICD-9
diagnoses, medication prescriptions, and procedures), as well as a binary outcome variable from the most
recent visit (i.e., whether s/he was diagnosed with diabetes in the last visit). As described in Section 5.3, we
only study 3 of the 379 providers: we use patient data from a medium-sized provider as our gold data, and
patient data pooled from two larger providers as our proxy data.

However, we use patient data from the remaining 376 providers to do variable selection as a pre-processing
step. In particular, we run a simple LASSO variable selection procedure by regressing diabetes outcomes
against the 184 total features (note that we exclude the 3 healthcare providers that constitute the proxy
and gold populations in this step to avoid overfitting). This leaves us with roughly 100 commonly predictive
features (depending on the randomness in the cross-validation procedure).

We first reserve 50% of the gold data as a held-out test set to assess performance, and use the remaining
50% of the gold data for training models. Unlike the Expedia case study, our test set does not overlap with
the proxy data (since the gold and proxy data are derived from different cohorts) so the entire proxy data
is used for training. The gold estimator is trained on all gold observations that are not in the test set;
the proxy estimator is trained on all proxy observations. For the averaging, weighted, and joint estimators,
we additionally need to choose a tuning parameter. Following standard practice (modified to accommodate
proxy data), we use a random 70% subsample of the gold observations (that are not in the test set) and
all of the proxy observations as our training set; we use the remaining 30% of the gold observations as our
validation set. We train models with different values of A on the training set, and use mean squared prediction

error on the validation set to choose the best value of A in the final model.



